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Abstract

In this thesis, we investigate three different building blocks of modern artificial intelligence

(AI), namely—nearest neighbor search, large language models, and classification in algorithmic

decision-making—through the lens of responsible AI. As AI models get deployed in all aspects

of society, fairness, alignment and audit become crucial ingredients for designing responsible

AI and for regulating it. Through this thesis, we study principled formulations and algorithmic

questions in these areas: fairness or diversity in nearest neighbor search, alignment of large

language models, and auditing fairness of classifiers in algorithmic decision-making.

In the first part of the thesis, we study fairness or diversity in the context of nearest neigh-

bor search. Nearest Neighbor Search (NNS) is a fundamental problem in data structures with

wide-ranging applications, such as web search, recommendation systems, and, more recently,

retrieval-augmented generations (RAG). In such recent applications, in addition to the rele-

vance (similarity) of the returned neighbors, diversity among the neighbors is a central require-

ment. In this part of the thesis, we develop principled welfare-based formulations in NNS for

realizing diversity across attributes. Our formulations are based on welfare functions—from

mathematical economics—that satisfy central diversity (fairness) and relevance (economic effi-

ciency) axioms. With a particular focus on Nash social welfare, we note that our welfare-based

formulations provide objective functions that adaptively balance relevance and diversity in a

query-dependent manner. Notably, such a balance was not present in the prior constraint-based

approach, which forced a fixed level of diversity and optimized for relevance. In addition, our

formulation provides a parametric way to control the trade-off between relevance and diversity,

providing practitioners with flexibility to tailor search results to task-specific requirements. We

develop efficient nearest neighbor algorithms with provable guarantees for the welfare-based

objectives. Notably, our algorithm can be applied on top of any standard ANN method (i.e.,

use standard ANN method as a subroutine) to efficiently find neighbors that approximately

maximize our welfare-based objectives. Experimental results demonstrate that our approach is

practical and substantially improves diversity while maintaining high relevance of the retrieved

neighbors.
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Abstract

In the second part, we investigate the problem of preference-based alignment of large-

language models (LLMs). LLMs aligned using Reinforcement Learning from Human Feedback

(RLHF) have shown remarkable generation abilities in numerous tasks. However, collecting

high-quality human preferences creates costly bottlenecks in practical deployments, and hence,

training data are often budgeted. In these scenarios, it is crucial to collect training data (e.g.,

contexts, a pair of generations for each context, and a preference indicating which generation is

better) carefully, yet most of the existing methods sample contexts uniformly at random from a

given collection. Given this, under the Bradley-Terry-Luce preference model and with a small

budget of training data, we show that uniform sampling of contexts could lead to a policy (i.e.,

an aligned model) that suffers a constant sub-optimality gap from the optimal policy. This

highlights the need for an adaptive context sampling strategy for effective alignment under a

small sample budget. To address this, we reformulate RLHF within the contextual preference

bandit framework, treating generations as actions, and give a nearly complete characterization

of the sub-optimality gap in terms of both lower and upper bounds. First, when the action

set is a d-dimensional hypercube and the number of samples is T , we show an Ω(d/
√
T ) lower

bound. Next, we propose an algorithm, Active Preference Optimization (APO), that iteratively

collects preferences for the most uncertain contexts. We show that the sub-optimality gap of the

policy learned via APO matches the lower bound up to a log factor and a non-linearity constant.

Finally, we perform experiments on practical datasets to validate APO’s efficacy over existing

methods, establishing it as a sample-efficient and cost-effective solution for LLM alignment.

In the third and final part of the thesis, we study the problem of auditing the fairness of a

given classifier under partial feedback, where true labels are available only for positively clas-

sified individuals, (e.g., loan repayment outcomes are observed only for approved applicants).

We introduce a novel cost model for acquiring additional labeled data, designed to more accu-

rately reflect real-world costs such as credit assessment, loan processing, and potential defaults.

Our goal is to find optimal fairness audit algorithms that are more cost-effective than random

exploration and natural baselines. In our work, we consider two audit settings: a black-box

model with no assumptions on the data distribution, and a mixture model, where features and

true labels follow a mixture of exponential family distributions. In the black-box setting, we

propose a near-optimal auditing algorithm under mild assumptions and show that a natural

baseline can be strictly suboptimal. In the mixture model setting, we design a novel algorithm

that achieves significantly lower audit cost than the black-box case. Our approach leverages

prior work on learning from truncated samples and maximum-a-posteriori oracles, and extends

known results on spherical Gaussian mixtures to handle exponential family mixtures, which

may be of independent interest. Moreover, our algorithms apply to popular fairness metrics
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including demographic parity, equal opportunity, and equalized odds. Empirically, we demon-

strate strong performance of our algorithms on real-world fair classification datasets like Adult

Income and Law School, consistently outperforming baselines by around 50% in audit cost.
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Chapter 1

Introduction

With artificial intelligence (AI) and algorithmic decision-making becoming pervasive in every

aspect of society, ensuring that such systems behave responsibly is increasingly critical. In this

thesis, we investigate three building blocks of modern AI—nearest neighbor search (NNS), clas-

sification, and large language models (LLMs)—with a special focus on fairness and alignment.

Taking a step towards responsible AI algorithms, we develop principled frameworks and efficient

algorithms that address diversity (fairness) in NNS, better alignment of LLMs under small data

budget, and auditing fairness of a given classifier. While fairness has received steady attention

both from computer science and economics communities, alignment and audit are relatively

recent concerns arising out of large-scale deployment of AI models in the society. Therefore, in

this thesis we develop a rigorous theoretical understanding of these aspects of responsible AI,

in the hope of providing deeper insights in practice.

In questions related to fairness, the goal is to distribute or allocate resources for a set of

agents in a way that is fair to all the agents involved. Various axiomatic definitions of fairness

have been studied in classical settings like resource allocation and participatory budgeting,

however, fairness in modern AI continues to be attained by adding ad-hoc constraints to the

original optimization problem. In the first part of the thesis, we address this gap by studying

fairness or diversity through an axiomatic lens in the context of nearest neighbor search, a

fundamental problem in data structures with ubiquitous applications ranging from web search

to retrieval-augmented generation in recent times.

In the second part, we investigate the problem of aligning AI models. The problem of align-

ing AI models has received much attention in recent times as a consequence of the widespread

use of large language models (LLMs) in various facets of our life. In the alignment problem, the

goal is to incorporate human values and safety guardrails in the AI models so that they do not

adversely affect the human user. A popular framework for alignment of AI models is reinforce-

1



ment learning from human feedback (RLHF), where a human labeler marks which of the two

outputs of the model is better for a given input. Using this human feedback, a reward model

is learned which assigns a reward to an input-output pair. Finally, this learned reward model

is used to fine-tune the AI model via reinforcement learning. While this method of alignment

is quite successful in practice, less is understood theoretically (though there has been a steady

stream of recent works). In our work, we address the sample-complexity of RLHF in the active

learning framework—where the algorithm has a small budget for collection of human feedback

data and hence, needs to carefully choose the comparisons on which feedback is to be collected.

In the final part of the thesis, we focus on the question of auditing classifiers for their

claimed fairness. As fairness concerns become more pressing with classifiers being deployed

to decide the outcome for individuals in scenarios like job hiring and criminal recidivism, it

becomes important to equip regulators with tools for testing the fairness of such algorithms.

Through our work, we develop an auditing framework for settings like bank loans and criminal

recidivism, where the true label (e.g. loan default) is observable only for individuals who are

assigned positive classification (e.g. loan disbursed) by the classifier.

Overall, this thesis aims to advance the theoretical foundations of responsible AI and its

regulation by addressing key challenges in fairness, alignment, and audit, while grounding the

analysis in practically relevant models and constraints.

In the following sections, we provide detailed exposition on each of the problems studied in

this thesis.

1.1 Diversity in NNS: A Welfarist Perspective

Nearest Neighbor Search (NNS) is a fundamental problem in computer science with wide-

ranging applications in diverse domains, including computer vision [93], data mining [19], in-

formation retrieval [63], classification [30], and recommendation systems [25]. The relevance

of NNS has grown further in recent years with the advent of retrieval-augmented generation

(RAG); see, e.g., [64], [97], and references therein. Formally, given a set of vectors P ⊂ Rd, in

ambient dimension d, and a query vector q ∈ Rd, the objective in NNS is to find a subset S of k

(input) vectors from P that are most similar to q under a similarity function σ : Rd×Rd → R+.

That is, NNS corresponds to the optimization problem argmaxS⊆P :|S|=k

∑
v∈S σ(q, v). Note

that, while most prior works in neighbor search express the problem in terms of minimizing

distances, we work with the symmetric version of maximizing similarity.1

In practice, the input vectors are high dimensional; in many of the above-mentioned ap-

plications the ambient dimension d is close to a thousand. Furthermore, most applications

1This enables us to directly apply welfare functions.
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involve a large number of input vectors. This scale makes exact NNS computationally expen-

sive, since applications require, for real-time queries q, NNS solutions in time (sub)linear in

the number of input vectors |P |. To address this challenge, the widely studied framework of

Approximate Nearest Neighbor (ANN) search relaxes the requirement of exactness and instead

seeks neighbors whose similarities are approximately close to the optimal ones.

ANN search has received substantial attention over the past three decades. Early techniques

relied on space-partitioning methods, including Locality-Sensitive Hashing (LSH) [39, 4], k-

d trees [6], and cover trees [15]. More recent industry-scale systems adopt clustering-based

[41, 10] and graph-based [62, 31, 88, 87] approaches, along with other practically-efficient

methods [89, 84].

While relevance—measured in terms of a similarity function σ(·, ·)—is a primary objective

in NNS, prior work has shown that diversity in the retrieved set of vectors is equally impor-

tant for user experience, fairness, and reducing redundancy [20]. For instance, in 2019 Google

announced a policy update to limit the number of results from a single domain, thereby re-

ducing redundancy [56]. Similarly, Microsoft recently introduced diversity constraints in ad

recommendation systems to ensure that advertisements from a single seller do not dominate

the results [3]. Such an adjustment was crucial for improving user experience and promot-

ing fairness for advertisers. These examples highlight how diversity, in addition to enhancing

fairness and reducing redundancy, directly contributes to improved search quality for end users.

A natural way to formalize diversity in these settings is to associate each input vector

with one or more attributes. Diversity can then be measured with respect to these attributes,

complementing the similarity-based relevance. Building on this idea, the current work develops

a principled framework for diversity in neighbor search by drawing on the theory of collective

welfare from mathematical economics [69]. This perspective enables the design of performance

metrics (i.e., optimization criteria) that balance similarity-based relevance and attribute-based

diversity in a theoretically grounded manner.

This formulation is based on the perspective that algorithms can be viewed as economic

policies. Indeed, analogous to economic policies, numerous deployed algorithms induce utility

(monetary or otherwise) among the participating agents. For instance, an ANN algorithm—

deployed to select display advertisements for search queries—impacts the exposure and, hence,

the sales of the participating advertisers. Notably, there are numerous other application do-

mains wherein the outputs of the underlying algorithms impact the utilities of individuals; see

[5] and [43] for multiple examples. Hence, in contexts where fairness (diversity) and welfare are

important considerations, it is pertinent to evaluate algorithms analogous to how one evaluates

economic policies that induce welfare.
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In mathematical economics, welfare functions, f : Rc 7→ R, provide a principled approach

to aggregate the utilities of c ∈ Z+ agents into a single measure. Specifically, if an algorithm

induces utilities u1, u2, . . . , uc among a population of c agents, then the collective welfare is

f(u1, u2, . . . , uc). A utilitarian way of aggregation is by considering the arithmetic mean (av-

erage) of the utilities uℓs. However, note that the arithmetic mean is not an ideal criterion if

we are required to be fair among the c agents: the utilitarian welfare (arithmetic mean) can

be high even if the utility of only one agent, say u1, is large and all the remaining utilities,

u2, . . . , uc, are zero. The theory of collective welfare develops meaningful alternatives to the

arithmetic mean by identifying welfare functions, fs, that satisfy fairness and efficiency axioms.

Among such alternatives, Nash social welfare (NSW) is an exemplar that upholds multiple

fairness axioms, including symmetry, independence of unconcerned agents, scale invariance,

and the Pigou-Dalton transfer principle [69]. Nash social welfare is obtained by setting the

function f as the geometric mean, NSW(u1, . . . , uc) :=
(∏c

ℓ=1 uℓ

)1/c
. The fact that NSW

strikes a balance between fairness and economic efficiency is supported by the observation that

it sits between egalitarian and utilitarian welfare: the geometric mean is at least as large as

the minimum value, min1≤ℓ≤c uℓ, and it is also at most the arithmetic mean 1
c

∑c
ℓ=1 uℓ (the

AM-GM inequality).

The overarching goal of this work is to realize diversity (fairness) across attributes in nearest

neighbor search while maintaining relevance of the returned k vectors. Our modeling insight

here is to equate attributes with agents and apply Nash social welfare.

In particular, consider a setting where we have c ∈ Z+ different attributes (across the input

vectors), and let S be any subset of k vectors (neighbors) among the input set P . In our model,

each included vector v ∈ S, with attribute ℓ ∈ [c], contributes to the utility uℓ (see Section

2.1.1), and the Nash social welfare (NSW) induced by S is the geometric mean of these utilities,

u1, u2, . . . , uc. Our objective is to find a size-k subset, S∗ ⊆ P , of input vectors with as large

NSW as possible.

The following two instantiations highlight the applicability of our model in NNS settings: In

a display-advertising context with c sellers, each selected advertisement v ∈ S of a seller ℓ ∈ [c]

contributes to ℓ’s exposure (utility) uℓ. Similarly, in an apparel-search setup with c colors in

total, each displayed product v ∈ S with color ℓ ∈ [c] contributes to the utility uℓ.

Prior work [3] imposed constraints for achieving diversity in NNS. These constraints enforced

that, for each ℓ ∈ [c] and among the k returned vectors, at most k′ many can have attribute

ℓ. Such hard constraints rely on a fixed ad hoc quota parameter k′ and may fail to adapt to

the intent expressed in the query. In contrast, our NSW-based approach balances relevance

and diversity in a query-dependent manner. For example, in the apparel-search setup, if the
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Figure 1.1: Neighbor search results (k = 9) on the Amazon dataset. From left: First and
Second images - ANN and Nash-based results for query “shirts”, respectively. Third and
Fourth images - ANN and Nash-based results for query “blue shirt”, respectively. Note that
the Nash-based method selects diverse colors for the query “shirts” but conforms to the blue
color for the query “blue shirt”.

search query is “blue shirt,” then a constraint on the color attribute ‘blue’ (i.e., when ℓ stands

for ‘blue’) would limit the relevance by excluding valid vectors. NSW, however, for the “blue

shirt” query, is free to select all the k vectors with attribute ‘blue’ upholding relevance; see

Figure 1.1 for supporting empirical results. On the other hand, if the apparel-search query is

just “shirts,” then NSW criterion is inclined to select vectors with different color attributes.

These features of NSW are substantiated by the stylized instances given in Examples 2.1 and

2.2 (Section 2.1.1).

We reiterate that our formulation does not require a quota parameter k′ to force diversity.

For NSW, diversity (fairness) across attributes is obtained via normative properties of Nash so-

cial welfare. Hence, with axiomatic support, NSW stands as a meaningful criterion in neighbor

search, as it is in the context of economic and allocation policies.

Our welfarist formulation extends further to control the trade-off between relevance and

diversity. Specifically, we also consider p-mean welfare. Formally, for exponent parameter

p∈(−∞, 1], the pth mean Mp(·), of c utilities u1, u2, . . . , uc ∈ R+, is defined as Mp(u1, . . . , uc) :=(
1
c

∑c
ℓ=1 u

p
ℓ

)1/p
. The p-mean welfare, Mp(·), captures a range of objectives with different values

of p: it corresponds to the utilitarian welfare (arithmetic mean) when p=1, the NSW (geometric

mean) with p→ 0, and the egalitarian welfare when p→−∞. Notably, setting p= 1, we get

back the standard nearest neighbor objective, i.e., maximizing M1(·) corresponds to finding the

k nearest neighbors and this objective is not concerned with diversity across attributes. At the

other extreme, p→−∞ aims to find as attribute-diverse a set of k vectors as possible (while

paying scarce attention to relevance).

We study, both theoretically and experimentally, two diversity settings: (i) single-attribute

setting and (ii) multi-attribute setting. In the single-attribute setting, each input vector v ∈ P

is associated with exactly one attribute ℓ ∈ [c] – this captures, for instance, the display-

advertisement setup, wherein each advertisement v belongs to exactly one seller ℓ. In the more
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general multi-attribute setting, each input vector v ∈ P can have more than one attribute; in

apparel-search, for instance, the products can be associated with multiple attributes, such as

color, brand, and price.

We note that the constraint-based formulation for diversity considered in [3] primarily ad-

dresses single-attribute setting. In fact, generalizing such constraints to the multi-attribute

context leads to a formulation wherein it is NP-hard even to determine whether there exist k

vectors that satisfy the constraints, i.e., it would be computationally hard to find any size-k

constraint-feasible subset S, let alone an optimal one.1

By contrast, our NSW formulation does not run into such a feasibility barrier. Here, for

any candidate subset S of k vectors, each included vector v ∈ S contributes to the utility uℓ of

every attribute ℓ associated with v. As before, the NSW induced by S is the geometric mean

of the induced utilities, u1, u2, . . . , uc, and the objective is to find a subset of k vectors with as

large NSW as possible.

In summary, we make the following contributions through this work.

• We view the NSW formulation for diversity, in both single-attribute and multi-attribute

settings, as a key contribution of this thesis. Another relevant contribution of this work

is the generalization to p-mean welfare, which provides a systematic way to trade off

relevance and diversity.

• We also develop efficient algorithms, with provable guarantees, for the NSW and p-mean

welfare formulations. For the single-attribute setting, we develop an efficient greedy algo-

rithm for finding k vectors that optimize the Nash social welfare among the c attributes

(Theorem 2.1). In addition, this algorithm can be provably combined with any sublinear

ANN method (as a subroutine) to find near-optimal solutions for the Nash objective in

sublinear time (Corollary 2.1).

• For the multi-attribute setting, we first show that finding the set of k vectors that max-

imize the Nash social welfare is NP-hard (Theorem 2.2). We complement this hardness

result, by developing a polynomial-time approximation algorithm that achieves an ap-

proximation ratio of (1− 1/e) ≈ 0.63 for maximizing the logarithm of the Nash social

welfare (Theorem 2.3).

• We complement our theoretical results with experiments on both real-world and semi-

synthetic datasets. These experiments demonstrate that the NSW objective effectively

captures the trade-off between diversity and relevance in a query-dependent manner. We

1This hardness result follows via a reduction from the Maximum Independent Set problem.
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further analyze the behavior of the p-mean welfare objective across different values of

p ∈ (−∞, 1], observing that it interpolates smoothly between prioritizing for diversity,

when p is small, and focusing on relevance, when p is large. Finally, we benchmark the

solution quality and running times of various algorithms for solving the NSW and p-mean

formulations proposed in this work.

1.2 Active Learning for Sample Efficient RLHF

Reinforcement Learning from Human Feedback (RLHF) has proven highly effective in aligning

Large Language Models (LLMs) with human preferences [22, 72, 35]. This approach involves

collecting extensive data, each comprising a context (e.g., a movie review), a pair of generations

(e.g., completions of the review), and a preference indicating which generation is better than

the other. First, a reward model is trained to classify preferred generations, and subsequently,

a language model policy is trained using RL (e.g., Proximal Policy Optimization [82]) to output

high-reward generations while minimizing divergence from a reference policy.

Given the practical success, recent theoretical advances have been made in training reward

models as well as aligning policies from pairwise comparisons [79, 21, 101]. In these settings,

the learner doesn’t have any control over selecting the contexts, and the aim is to minimize

cumulative loss or regret due to not knowing the ground-truth reward or the optimal policy in

advance.

However, in the case of aligning LLMs using RLHF, the learner has control over both the

contexts and actions, i.e., the contexts and generations for which preference data needs to be

collected, yet most of the existing RLHF algorithms pick contexts uniformly at random from

a given pool [86, 72]. This is followed by first generating a pair of responses for each sampled

prompt based on a supervised fine-tuned (SFT) policy and then sending all the pairs to a

human labeler to collect preferences.

The success of RLHF hinges on the quality of human preferences. This could create costly

bottlenecks in practical deployments since high-quality preferences are expensive to collect as

this demands a certain level of expertise from labelers. Hence, there is often a budget on

the number of contexts and associated generation pairs that could be sent to expert labelers

for comparison. While uniform sampling of contexts as a simple approach has been proven

effective for aligning LLMs so far, one is bound to ask whether this is a good enough strategy,

especially given a fixed budget for labeling. Or do we need potentially more involved sampling

strategies to deliver better model alignment under budget constraints? Such algorithms need

to be sample efficient as high-quality samples are expensive to obtain, while they should not

compromise on the performance of the aligned policy. This work takes a step in developing
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theory and algorithms for RLHF under a small sample budget.

We first show that the naive way of collecting preferences by choosing contexts uniformly at

random can lead to wastage of samples under the Bradley-Terry-Luce (BTL) preference model

characterized by a finite dimensional parameter [17, 58].

Result 1 (Constant sub-optimality under uniform context sampling) There exists an

instance of the alignment problem for which an algorithm that (i) collects preferences by sam-

pling contexts uniformly at random, (ii) learns a reward model by maximizing likelihood of the

preferred generations, and (iii) trains a greedy policy w.r.t. the learnt reward model suffers an

Ω(1) sub-optimality gap1 with high probability when the sample budget is smaller than number

of contexts.

To the best of our knowledge, this is the first provable negative result for the alignment perfor-

mance of RLHF algorithms that sample contexts uniformly under a small sample budget. This

necessitates the design of RLHF algorithms that adaptively sample contexts, with an aim to

improve alignment of the learned policy with human preferences. Our next result benchmarks

the alignment performance of any RLHF algorithm under the BTL preference model when there

is no restriction on how contexts can be sampled.

Result 2 (Lower bound on sub-optimality for any sampling strategy) For any RLHF

algorithm there exists an instance of the alignment problem for which the policy that the algo-

rithm outputs after collecting T samples (contexts, generations and preferences) would suffer

a sub-optimality gap Ω
(
d/
√
T
)
, where d is the dimension of the parameter characterizing the

BTL model.

This is the first theoretical lower bound on the alignment performance of RLHF algorithms,

which has been crucially missing in the literature. This result effectively eliminates the possibil-

ity of achieving better than sub-linear convergence under a finite sample budget. Next, we pro-

pose an algorithm—Active Preference Optimization (APO)—that achieves this sub-optimality

gap by iteratively sampling the most uncertain contexts and collecting preferences for their

generation pairs.

Result 3 (Upper bound on sub-optimality for APO) The sub-optimality gap of the policy

learned via APO after collecting T samples scales as Õ
(
d
√

κ/T
)
with high probability, where d

is the parameter dimension and κ is a problem-dependent nonlinearity constant.

1Measured by the maximum difference between latent rewards of the optimal policy and the trained policy
over the context set.
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Next, we generalize our result from parameterized BTL model to non-parametric preference

models with function approximation. We propose an analogue of APO albeit with non-trivial

modifications, namely APO-Gen, that achieves a similar sub-optimality gap (see Subsection 3.4

and Appendix 3.7). This is the first known upper bound on the alignment performance of an

active context selection strategy under generic preference models, which recovers the result for

the parameterized BTL model as a special case.

Result 4 (Upper bound on sub-optimality under general preferences) The sub-optimality

gap of the policy learned via APO-Gen after collecting T samples scales as Õ
(√

dE log(NT )/T
)

with high probability, where N and dE measure the complexity of the underlying preference model.

Empirical evidence. For practical purposes, we propose a batch version of APO to make

it computationally more efficient (see Section 3.5). We experiment with GPT-2 on IMDb

sentiment dataset [60] and demonstrate significant improvement in LLM alignment over uniform

context sampling and prior baselines [67, 70]. We show similar improvement in the performance

of the aligned policy on Anthropic-HH dataset [9] with Gemma-2b. Our work contributes

towards a sample-efficient and practical solution to preference data collection for RLHF.

1.3 A Framework for Auditing Fairness under Partial

Feedback

Machine learning models can amplify and exacerbate biases present in their training data. To

address this, fairness audits and interventions have emerged as key topics in the fair machine

learning literature [66, 11, 99]. Consequently, different fairness metrics [28, 36, 33], fairness

interventions [14, 16], and audit frameworks have been proposed and adopted [80, 38].

This work addresses the problem of auditing machine learning models for fairness, an issue

of growing significance in decision-making systems [18, 51, 68]. Previous work on fairness audit

covers a range of individual and group fairness metrics [98, 44] and construction of statistical

tests for auditing [90, 83]. In the simplest fairness audit setting, a decision-maker employs a

classifier f that takes as input a feature vector x and a sensitive attribute or group label a and

makes a binary prediction f(x, a). An auditor aims to estimate the fairness of f for a standard

fairness metric such as Equal Opportunity (i.e., equal True Positive Rates for different groups)

using the available data.

As a motivating real-world example, consider loan disbursement using a classifier f for

approval, where the class label y indicating the loan repayment status is available only for

applicants who are offered loans (i.e., when f(x, a) = 1). Thus, the historical data is biased
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or incomplete, whereas any new data exploration can be costly (e.g., random disbursal may

have higher defaults). Previous work under this incomplete data model can be broadly catego-

rized into two settings. First, semi-supervised fair learning from incomplete labeled data and

complete unlabeled data, without actively acquiring additional labels [50, 42, 46, 94]. Second,

online fair classification with partial feedback, where labels are revealed only for positively clas-

sified data points [12, 45]. Complementary to these works, we study the fairness audit problem

in the partial feedback setting under a novel cost model that incorporates both the access to

historically biased or incomplete labeled data and the cost of acquiring additional labels on

complete but unlabeled data.

In the partial feedback setting, due to unavailability of labels for negatively classified indi-

viduals (f(x, a) = 0), any fairness audit algorithm must acquire these labels to complete the

data and accurately estimate outcome-based fairness metrics such as equal opportunity and

equalized odds on the true data distribution. Notably, in scenarios such as bank loan appli-

cations, granting a loan to a previously negatively classified individual may incur a cost if the

individual fails to repay. This cost is not modeled in prior fairness audit work primarily focusing

on hypothesis testing for a given unfairness tolerance [44, 98].

To address these questions in the literature, we make the following contributions through

this work.

• We initiate the study of fairness audit under partial feedback, an important setting that

captures several real-world scenarios. We introduce a novel cost model for data exploration

to capture a central concern, namely, the audit or the self-assessment incurs a cost when

the labels requested on additional unlabeled data turn out to be negative (e.g., loan

default, unfavorable outcomes in randomized control trials).

• For our cost model, we provide a complete characterization of the sample and cost com-

plexity required for auditing fairness in the non-parametric setting by establishing a lower

bound (Theorem 4.3) and proposing an audit algorithm that matches this bound up to

logarithmic factors (Theorem 4.2). The proposed algorithm provably improves over the

audit cost of a natural baseline algorithm (Theorem 4.1, Remark 7).

• To further investigate auditing with partial feedback, we study a structured setting where

the group-wise distribution of features and labels follows a mixture of exponential fami-

lies, a common analytical assumption in fair learning [27, 59]. In this setting, we design a

new algorithm that achieves significantly lower audit cost under mild assumptions (The-

orem 4.4).
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• Our algorithms and their cost guarantees are agnostic to the hypothesis class and work for

any classifier whose fairness is to be audited. We empirically study them on standard real-

world datasets in fair classification (e.g., Adult Income, Law School) for logistic regression

classifiers with significantly improved cost of audit or self-assessment.

To the best of our knowledge, this work is the first to address the important problem of

fairness audit under the partial feedback setting capturing several real-world scenarios. While

the problems of learning fair classifiers in partial feedback, and of fairness audit with full

data have been studied (see next section), through this work, we aim to provide a principled

framework for fairness audit that accounts for the cost of additional data in the partial feedback

setting.

Our results in the blackbox setting require several novel techniques both in terms of al-

gorithm design and analysis. To establish the cost lower bound (Theorem 4.3), we formalize

the sequential interaction of the auditor with the online partial feedback data and derive a

KL-divergence decomposition lemma (Lemma 4.1, Section 4.3.3). Furthermore, we carefully

design two (family of) instances that are close in KL-divergence but only one of them is fair

to conclude the lower bound. For the design of algorithm, we rely on the design of a stopping

time and analyse it via a novel use of the concentration of the Negative Binomial distribution

instead of the standard Chernoff-Hoeffding type bounds.

In the mixture model setting, we provide a novel perspective by viewing the classifier f as

inducing a truncation on the input distribution by positively classifying only a subset of samples.

This viewpoint allows us to leverage tools from learning with truncated samples [26, 54] to

address the fairness audit problem under partial feedback. We believe this novel connection

can be of wider interest, for example in understanding the truncation arising from popular fair

classification methods. Furthermore, we generalize prior work on maximum a-posteriori (MAP)

oracles for mixtures of spherical Gaussians [61] to handle mixtures of exponential families, which

may be of independent interest.

1.4 Overview of the Thesis

This thesis focuses on investigating the aforementioned problems, with each chapter dedicated

to studying a specific problem. The contributions of each chapter are outlined below:

• In Chapter 2, we investigate the problem of diversity in nearest neighbor search, introduc-

ing a welfarist objective that balances diversity and relevance in a query-dependent way,

and developing efficient algorithms for it. We also provide strong empirical validation
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demonstrating the effectiveness of our formulation over several real-world and synthetic

datasets.

• In Chapter 3, we focus on aligning LLMs via RLHF by posing it as a contextual dueling

bandit problem. Within this framework, we study the problem of optimally choosing

which context and a pair of actions to query the stochastic comparison oracle with, when

the number of queries allowed is limited. We show that uniformly random query selection

can be arbitrarily bad, following which we establish a minimax lower bound. We also

design an algorithm whose performance nearly matches the lower bound. Finally, we

provide empirical validation of our algorithm.

• In Chapter 4, we study the problem of auditing fairness under partial feedback. Posing

the auditing as a hypothesis test, we propose a novel cost model, and develop algorithms

in distribution-free and structured settings. We also establish a minimax lower bound in

the distribution-free setting. Our experiments demonstrate the superior performance of

our algorithms in real-world datasets.
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Chapter 2

Diversity in Similarity Search: A

Welfarist Perspective

2.1 Problem Formulation and Main Results

We are interested in neighbor search algorithms that not only achieve a high relevance, but also

find a diverse set of vectors for each query. To quantify diversity we work with a model wherein

each input vector v ∈ P is assigned one or more attributes from the set [c] = {1, 2, . . . , c}. In

particular, write atb(v) ⊆ [c] to denote the attributes assigned to vector v ∈ P . Also, letDℓ ⊆ P

denote the subset of vectors that are assigned attribute ℓ ∈ [c], i.e., Dℓ := {v ∈ P | ℓ ∈ atb(v)}.

2.1.1 Our Results

An insight of this work is to equate these c attributes with c distinct agents. Here, the output

of a neighbor search algorithm—i.e., the selected subset S ⊆ P—induces utility among these

agents. With this perspective, we define the Nash Nearest Neighbor Search problem (NaNNS)

below. This novel formulation for diversity is a key contribution of this work. For any query

q ∈ Rd and subset S ⊆ P , we define utility uℓ(S) :=
∑

v∈S∩Dℓ
σ(q, v), for each ℓ ∈ [c]. That is,

uℓ(S) is equal to the cumulative similarity between q and the vectors in S that belong to Dℓ.

Equivalently, uℓ(S) is the cumulative similarity of the vectors in S that have attribute ℓ.1

We employ Nash social welfare to identify size-k subsets S that are both relevant (with

respect to similarity) and support diversity among the c attribute classes. The Nash social

welfare among c agents is defined as the geometric mean of the agents’ utilities. Specifically, in

the above-mentioned utility model and with a smoothening parameter η > 0, the Nash social

1Note that in the above-mentioned display-advertising example, uℓ(·) is the cumulative similarity between
the (search) query and the selected advertisements that are from seller ℓ.
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welfare (NSW) induced by any subset S ⊆ P among the c attributes is defined as

NSW(S) := (
c∏

ℓ=1

(uℓ(S) + η))1/c. (2.1)

Throughout, η > 0 will be a fixed smoothing constant that ensures that NSW remains nonzero.

Definition 2.1 (NaNNS) Nash nearest neighbor search (NaNNS) corresponds to the follow-

ing optimization problem argmaxS⊆P :|S|=k NSW(S), or, equivalently,

argmax
S⊆P :|S|=k

log NSW(S) (2.2)

Here, we have log NSW(S) = 1
c

∑
ℓ∈[c] log(uℓ(S) + η).

To further appreciate the welfarist approach, note that one recovers the standard nearest

neighbor problem, NNS, in the single-attribute setting, if—instead of the geometric mean—

we maximize the arithmetic mean. That is, maximizing the utilitarian social welfare gives us

maxS⊆P :|S|=k

∑c
ℓ=1 uℓ(S) = maxS⊆P :|S|=k

∑
v∈S σ(q, v).

As stated in the introduction, depending on the query and the problem instance, solutions

obtained via NaNNS can adjust between the ones obtained through standard NNS and those

obtained via hard constraints. This feature is illustrated in the following stylized examples; see

Appendix 2.5 for the associated proofs.

The first example shows that if all vectors have same similarity, then an optimal solution,

S∗, for NaNNS is completely diverse, i.e., all the vectors in S∗ have different attributes.

Example 2.1 (Complete Diversity via NaNNS) Consider an instance in which, for a given

query q ∈ Rd, all vectors in P are equally similar with the query: σ(q, v) = 1 for all v ∈ P .

Also, let |atb(v)| = 1 for all v ∈ P , and write S∗ ∈ argmaxS⊆P : |S|=k NSW(S). If c ≥ k, then

here it holds that |S∗ ∩Dℓ| ≤ 1 for all ℓ ∈ [c].

The second example shows that if the vectors of only one attribute have high similarity with

the given query, then a Nash optimal solution S∗ contains only vectors with that attribute.

Example 2.2 (Complete Relevance via NaNNS) Consider an instance in which, for a

given query q ∈ Rd and a particular ℓ∗ ∈ [c], only vectors v ∈ Dℓ∗ have similarity σ(q, v) = 1 and

all other vectors v′ ∈ P\Dℓ∗ have similarity σ(q, v′) = 0. Also, suppose that |atb(v)| = 1 for each

v ∈ P , along with |Dℓ∗| ≥ k. Then, for a Nash optimal solution S∗ ∈ argmaxS⊆P,|S|=k NSW(S),

it holds that |S∗ ∩Dℓ∗| = k. That is, for all other ℓ ∈ [c] \ {ℓ∗} we have |S∗ ∩Dℓ| = 0.
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With the above-mentioned utility model for the c attributes, we also identify an extended

formulation based on generalized p-means. Specifically, for exponent parameter p ∈ (−∞, 1],

the pth mean Mp(·), of c nonnegative numbers w1, w2, . . . , wc ∈ R+, is defined as

Mp(w1, . . . , wc) :=

(
1

c

c∑
ℓ=1

wp
ℓ

)1/p

(2.3)

Note that M1(w1, . . . , wc) is the arithmetic mean 1
c

∑c
ℓ=1wℓ. Here, when p→ 0, we obtain the

geometric mean (Nash social welfare): M0(w1, . . . , wc) = (
∏c

ℓ=1 wℓ)
1/c

. Further, p→ −∞ gives

us egalitarian welfare, M−∞(w1, . . . , wℓ) = min1≤ℓ≤c wℓ.

Analogous to NaNNS, we consider a fixed smoothing constant η > 0, and, for each subset

S ⊆ P , define Mp(S) := Mp (u1(S) + η, . . . , uc(S) + η).

With these constructs in hand and generalizing both NNS and NaNNS, we have the p-mean

nearest neighbor search (p-NNS) problem defined as follows.

Definition 2.2 (p-NNS) For any exponent parameters p ∈ (−∞, 1], the p-mean nearest neigh-

bor search (p-NNS) corresponds to the following optimization problem

max
S⊆P : |S|=k

Mp (S) = max
S⊆P : |S|=k

(
1

c

c∑
ℓ=1

(uℓ(S) + η)p
)1/p

(2.4)

Diversity in Single- and Multi-Attribute Settings. The current work addresses two

diversity settings: the single-attribute setup and, the more general, the multi-attribute one.

The single-attribute setting refers to the case wherein |atb(v)| = 1 for each input vector v ∈ P

and, hence, the attribute classes Dℓs are pairwise disjoint. In the more general multi-attribute

setting, we have |atb(v)| ≥ 1; here, the sets Dℓ-s intersect.1 Notably, the NaNNS seamlessly

applies to both these settings.

Algorithmic Results for Single-Attribute NaNNS and p-NNS. In addition to intro-

ducing the NaNNS and p-NNS formulations for capturing diversity, we develop algorithmic

results for these problems, thereby demonstrating the practicality of our approach in neighbor

search. In particular, in the single-attribute setting, we show that both NaNNS and p-NNS

admit efficient algorithms.

Theorem 2.1 In the single-attribute setting, given any query q ∈ Rd and an (exact) oracle ENN

for k most similar vectors from any set, Algorithm 1 (Nash-ANN) returns an optimal solution for

1For a motivating instantiation for multi-attributes, note that, in the apparel-search context, it is possible
for a product (input vector) v to have multiple attributes based on v’s seller and its color(s).
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NaNNS, i.e., it returns a size-k subset Alg ⊆ P that satisfies Alg ∈ argmaxS⊆P :|S|=k NSW(S).

Furthermore, the algorithm runs in time O(kc)+
∑c

ℓ=1 ENN(Dℓ, q), where ENN(Dℓ, q) is the time

required by the exact oracle to find k most similar vectors to q in Dℓ.

Further, to establish the practicality of our formulations, we present an approximate algo-

rithm for NaNNS that leverages any standard ANN algorithm as an oracle (subroutine), i.e.,

works with any α-approximate ANN oracle (α ∈ (0, 1)) which returns a subset S containing k

vectors satisfying σ(q, v(i)) ≥ α σ(q, v∗(i)), for all i ∈ [k], where v(i) and v∗(i) are the i-th most

similar vectors to q in S and P , respectively. Formally,

Corollary 2.1 In the single-attribute setting, given any query q ∈ Rd and an α-approximate

oracle ANN for k most similar vectors from any set, Algorithm 1 (Nash-ANN) returns an α-

approximate solution for NaNNS, i.e., it returns a size-k subset Alg ⊆ P with NSW(Alg) ≥
αmaxS⊆P : |S|=k NSW(S). The algorithm runs in time O(kc)+

∑c
ℓ=1 ANN(Dℓ, q), where ANN(Dℓ, q)

is the time required by the oracle to find k similar vectors to q in Dℓ.

Furthermore, both Theorem 2.1 and Corollary 2.1 generalize to p-NNS problem with a slight

modification in Algorithm 1. Specifically, there exists exact, efficient algorithm (Algorithm 3)

for the p-NNS problem (Theorem 2.4 and Corollary 2.2). Appendix 2.6 details this algorithm

and the results for p-NNS in the single-attribute setting.

Algorithmic Results for Multi-Attribute NaNNS. Next, we address the multi-attribute

setting. While the optimization problem (2.2) in the single attribute setting can be solved

efficiently, the problem is NP-hard in the multi-attribute setup (see Section 2.3.1 for the proof).

Theorem 2.2 In the multi-attribute setting, with parameter η = 1, NaNNS is NP-hard.

Complementing this hardness result, we show that, considering the logarithm of the objec-

tive, NaNNS in the multi-attribute setting admits a polynomial-time
(
1− 1

e

)
-approximation

algorithm. This result is established in Section 2.3.3.

Theorem 2.3 In the multi-attribute setting with parameter η = 1, there exists a polynomial-

time algorithm (Algorithm 2) that, given any query q ∈ Rd, finds a size-k subset Alg ⊆ P

with log NSW(Alg) ≥
(
1− 1

e

)
log NSW(Opt); here, Opt denotes an optimal solution for the

optimization problem (2.2).
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Experimental Validation of our Formulation and Algorithms. We complement our

theoretical results with several experiments on real-world datasets. Our findings highlight that

the Nash-based formulation strikes a balance between diversity and relevance. Specifically, we

find that, across datasets and in both single- and multi-attribute settings, the Nash formulation

maintains relevance and consistently achieves high diversity. By contrast, the hard-constrained

formulation from [3] is highly sensitive to the choice of the constraint parameter k′, and in some

cases incurs a substantial drop in relevance. Section 2.4 details our experimental evaluations.

2.2 NaNNS in the Single-Attribute Setting

Algorithm 1: Nash-ANN: Algorithm for NaNNS in the single-attribute setting

Input: Query q ∈ Rd and, for each attribute ℓ ∈ [c], the set of input vectors Dℓ ⊂ Rd

1 For each ℓ ∈ [c], fetch D̂ℓ, the k (exact or approximate) nearest neighbors of q ∈ Rd

from Dℓ.
2 For every ℓ ∈ [c] and each index i ∈ [k], let vℓ(i) denote the ith most similar vector to q

in D̂ℓ.
3 Initialize subset Alg← ∅, along with count kℓ ← 0 and utility wℓ ← 0, for each ℓ ∈ [c].
4 while |Alg| < k do

5 a← argmax
ℓ∈[c]

(
log
(
wℓ + η + σ(q, vℓ(kℓ+1))

)
− log(wℓ + η)

)
. ▷ Ties broken

arbitrarily

6 Alg← Alg ∪ {va(ka+1)}. wa ← wa + σ(q, va(ka+1)). ka ← ka + 1.

7 return Alg

In this section, we first provide our exact, efficient algorithm (Algorithm 1) for NaNNS in

the single-attribute setting and then present the proof of optimality of the algorithm (i.e., proof

of Theorem 2.1 and Corollary 2.1).

The algorithm has two parts: a prefetching step and a greedy, iterative selection. In the

prefetching step, for each attribute ℓ ∈ [c], we populate k vectors from within Dℓ
1 that are

most similar to the given query q ∈ Rd. Such a size-k subset, for each ℓ ∈ [c], can be obtained

by executing any nearest neighbor search algorithm within Dℓ and with respect to query q.

Alternatively, we can execute any standard ANN algorithm as a subroutine and find sufficiently

good approximations for the k nearest neighbors (of q) within each Dℓ.

Write D̂ℓ ⊆ Dℓ to denote the k—exact or approximate—nearest neighbors of q ∈ Rd in Dℓ.

We note that our algorithm is robust to the choice of the search algorithm (subroutine) used for

1Recall that in the single-attribute setting, the input vectors P are partitioned into subsets D1, . . . , Dc,
where Dℓ denotes the subset of input vectors with attribute ℓ ∈ [c].
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finding D̂ℓs: If D̂ℓs are exact nearest neighbors, then Algorithm 1 optimally solves NaNNS in the

single-attribute setting (Theorem 2.1). Otherwise, if D̂ℓs are obtained via an ANN algorithm

with approximation guarantee α ∈ (0, 1), then Algorithm 1 achieves an approximation ratio of

α (Corollary 2.1).

The algorithm then considers the vectors with each D̂ℓ in decreasing order of their similarity

with q. Confining to this order, the algorithm populates the k desired vectors iteratively. In

each iteration, the algorithm greedily selects a new vector based on maximizing the marginal

increase in log NSW(·); see Lines 5 and 6 in Algorithm 1. Theorem 2.1 and Corollary 2.1 (stated

previously) provide our main results for Algorithm 1. Proofs of Theorem 2.1 and Corollary 2.1

are presented below.

2.2.1 Proofs of Theorem 2.1 and Corollary 2.1

Now we state the proof of optimality of Algorithm 1. To obtain the proof, we make use of two

lemmas stated below. We defer their proofs till after the proof of Theorem 2.1 and Corollary 2.1.

As in Algorithm 1, write D̂ℓ to denote the k nearest neighbors of the given query q in the

set Dℓ. Recall that in the single-attribute setting the sets Dℓs are disjoint across ℓ ∈ [c]. Also,

vℓ(j) ∈ D̂ℓ denotes the jth most similar vector to q in D̂ℓ, for each index j ∈ [k]. For a given

attribute ℓ ∈ [c], we define the logarithm of cumulative similarity upto the ith most similar

vector as

Fℓ(i) := log

(
i∑

j=1

σ(q, vℓ(j)) + η

)
(2.5)

Note that Fℓ(i) is also equal to the logarithm of the cumulative similarity of the i most similar

(to q) vectors in Dℓ when the neighbor search oracle is exact. The lemma below shows that

Fℓ(·) satisfies a useful decreasing marginals property.

Lemma 2.1 (Decreasing Marginals) For all attributes ℓ ∈ [c] and indices i′, i ∈ [k], with

i′ < i, it holds that

Fℓ(i
′)− Fℓ(i

′ − 1) ≥ Fℓ(i)− Fℓ(i− 1) .

The following lemma asserts the Nash optimality of the subset returned by Algorithm 1,

Alg, within a relevant class of solutions.

Lemma 2.2 In the single-attribute setting, let Alg be the subset of vectors returned by Algo-

rithm 1 and S be any subset of input vectors with the property that |S ∩Dℓ| = |Alg ∩Dℓ|, for
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each ℓ ∈ [c]. Then, NSW(Alg) ≥ NSW(S).

Now we are ready to state the proof of Theorem 2.1.

Theorem 2.1 In the single-attribute setting, given any query q ∈ Rd and an (exact) oracle ENN

for k most similar vectors from any set, Algorithm 1 (Nash-ANN) returns an optimal solution for

NaNNS, i.e., it returns a size-k subset Alg ⊆ P that satisfies Alg ∈ argmaxS⊆P :|S|=k NSW(S).

Furthermore, the algorithm runs in time O(kc)+
∑c

ℓ=1 ENN(Dℓ, q), where ENN(Dℓ, q) is the time

required by the exact oracle to find k most similar vectors to q in Dℓ.

Proof: The runtime of Algorithm 1 can be established by noting that Line 1 requires∑c
ℓ=1 ENN(Dℓ, q) time to populate the subsets D̂ℓs, and the while-loop (Lines 4-6) iterates k

times and each iteration (specifically, Line 5) runs in O(c) time. Hence, as stated, the time

complexity of the algorithm is O(kc) +
∑c

ℓ=1 ENN(Dℓ, q).

Next, we prove the optimality of the returned setAlg. LetOpt ∈ argmaxS⊆P :|S|=k NSW(S)

be an optimal solution with attribute counts |Opt∩Dℓ| as close to |Alg∩Dℓ| as possible. That
is, among the optimal solutions, it is one that minimizes

∑c
ℓ=1 |k∗

ℓ − kℓ|, where k∗
ℓ = |Opt∩Dℓ|

and kℓ = |Alg ∩ Dℓ|, for each ℓ ∈ [c]. We will prove that Opt satisfies k∗
ℓ = kℓ for each

ℓ ∈ [c]. This guarantee, along with Lemma 2.2, implies that, as desired, Alg is a Nash optimal

solution.

Assume, towards a contradiction, that k∗
ℓ ̸= kℓ for some ℓ ∈ [c]. Since |Opt| = |Alg| = k,

there exist attributes x, y ∈ [c] with the property that k∗
x < kx and k∗

y > ky. For a given

attribute ℓ ∈ [c], write the logarithm of cumulative similarity upto the ith most similar vector

as Fℓ(i) := log
(∑i

j=1 σ(q, v
ℓ
(j)) + η

)
, where vℓ(j) is defined in Line 2 of Algorithm 1.

Next, note that for any attribute ℓ ∈ [c], if Algorithm 1, at any point during its execution,

has included k′
ℓ vectors of attribute ℓ in Alg, then at that point the maintained utility wℓ =∑k′ℓ

j=1 σ(q, v
ℓ
(j)). Hence, at the beginning of any iteration of the algorithm, if the k′

ℓ denotes the

number of selected vectors of each attribute ℓ ∈ [c], then the marginals considered in Line 5 are

Fℓ (k
′
ℓ + 1) − Fℓ (k

′
ℓ). These observations and the selection criterion in Line 5 of the algorithm

give us the following inequality for the counts kx = |Alg ∩ Dx| and ky = |Alg ∩ Dy| of the
returned solution Alg:

Fx(kx)− Fx(kx − 1) ≥ Fy(ky + 1)− Fy(ky) (2.6)

Specifically, equation (2.6) follows by considering the iteration in which kth
x (last) vector of

attribute x was selected by the algorithm. Before that iteration the algorithm had selected

(kx − 1) vectors of attribute x, and let k′
y denote the number of vectors with attribute y that
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have been selected till that point. Note that k′
y ≤ ky. The fact that the kth

x vector was

(greedily) selected in Line 5, instead of including an additional vector of attribute y, gives

Fx(kx)−Fx(kx−1) ≥ Fy(k
′
y+1)−Fy(k

′
y) ≥ Fy(ky+1)−Fy(ky); here, the last inequality follows

from Lemma 2.1. Therefore we have,

Fx(k
∗
x + 1)− Fx(k

∗
x)

(i)

≥ Fx(kx)− Fx(kx − 1)
(ii)

≥ Fy(ky + 1)− Fy(ky)
(iii)

≥ Fy(k
∗
y)− Fy(k

∗
y − 1) (2.7)

Here, inequality (i) follows from k∗
x < kx and Lemma 2.1, inequality (ii) is due to equation

(2.6), and inequality (iii) is via k∗
y > ky and Lemma 2.1.

Next, observe that the definition of D̂ℓ ensures that v
ℓ
(i) is, in fact, the ith most similar (to

q) vector among the ones that have attribute ℓ, i.e., ith most similar in all of Dℓ. Since Opt

is an optimal solution, the k∗
ℓ = |Opt ∩Dℓ| vectors of attribute ℓ in Opt are the most similar

k∗
ℓ vectors from Dℓ. That is, Opt ∩ Dℓ = {vℓ(1), . . . , vℓ(k∗ℓ )}, for each ℓ ∈ [c]. This observation

and the definition of Fℓ(·) imply that the logarithm of Opt’s NSW satisfies log NSW(Opt) =
1
c

∑c
ℓ=1 Fℓ(k

∗
ℓ ). Now, consider a subset of vectors S obtained from Opt by including vector

vx(k∗x+1) and removing vy(k∗y), i.e., S =
(
Opt ∪

{
vx(k∗x+1)

})
\
{
vy(k∗y)

}
. Note that

log NSW(S)− log NSW(Opt) =
1

c

(
Fx(k

∗
x + 1)− Fx(k

∗
x)
)
+

1

c

(
Fy(k

∗
y − 1)− Fy(k

∗
y)
)
≥ 0,

where the last inequality is via equation (2.7). Hence, NSW(S) ≥ NSW(Opt). Given that

Opt is a Nash optimal solution, the last inequality must hold with an equality, NSW(S) =

NSW(Opt), i.e., S is an optimal solution as well. This, however, contradicts the choice of Opt

as an optimal solution that minimizes
∑c

ℓ=1 |k∗
ℓ −kℓ|; note that

∑c
ℓ=1

∣∣∣k̂ℓ − kℓ

∣∣∣ <∑c
ℓ=1 |k∗

ℓ − kℓ|,

where k̂ℓ := |S ∩Dℓ|.
Therefore, by way of contradiction, we obtain that |Opt∩Dℓ| = |Alg∩Dℓ| for each ℓ ∈ [c].

As mentioned previously, this guarantee along with Lemma 2.2 imply that Alg is a Nash

optimal solution. This completes the proof of the theorem. 2

Corollary 2.1 In the single-attribute setting, given any query q ∈ Rd and an α-approximate

oracle ANN for k most similar vectors from any set, Algorithm 1 (Nash-ANN) returns an α-

approximate solution for NaNNS, i.e., it returns a size-k subset Alg ⊆ P with NSW(Alg) ≥
αmaxS⊆P : |S|=k NSW(S). The algorithm runs in time O(kc)+

∑c
ℓ=1 ANN(Dℓ, q), where ANN(Dℓ, q)

is the time required by the oracle to find k similar vectors to q in Dℓ.

Proof: The running time of the algorithm follows via an argument similar to the one used in

the proof of Theorem 2.1. Therefore, we only argue correctness here.
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For every ℓ ∈ [c], let the α-approximate oracle return D̂ℓ. Recall that vℓ(i), i ∈ [k], denotes

the ith most similar point to q in the set D̂ℓ. Further, for every ℓ ∈ [c], letD∗
ℓ be the set of k most

similar points to q within Dℓ and define v∗ℓ(i), i ∈ [k], to be the ith most similar point to q in D∗
ℓ .

Recall that by the guarantee of the α-approximate NNS oracle, we have σ(q, vℓ(i)) ≥ α ·σ(q, v∗ℓ(i))
for all i ∈ [k]. Let Opt be an optimal solution to the NaNNS problem containing k∗

ℓ most

similar points of attribute ℓ for every ℓ ∈ [c].

Finally, let Ôpt be the optimal solution to the NaNNS problem when the set of vectors to

search over is P = ∪ℓ∈[c]D̂ℓ.

By an argument similar to the proof of Theorem 2.1, we have NSW(Alg) = NSW(Ôpt).

Therefore

NSW(Alg) = NSW(Ôpt)

≥

∏
ℓ∈[c]

 k∗ℓ∑
i=1

σ(q, vℓ(i)) + η

 1
c

(
⋃

ℓ∈[c]:k∗ℓ≥1{vℓ(1), . . . , vℓ(k∗ℓ )} is a feasible solution)

≥

∏
ℓ∈[c]

 k∗ℓ∑
i=1

ασ(q, v∗ℓ(i)) + η

 1
c

(by α-approximate guarantee of the oracle; k∗
ℓ ≤ k)

≥

∏
ℓ∈[c]

α

 k∗ℓ∑
i=1

σ(q, v∗ℓ(i)) + η

 1
c

(α ∈ (0, 1))

= α NSW(Opt) (definition of Opt)

Hence, the corollary stands proved. 2

We complete this section by stating the proofs of Lemmas 2.1 and 2.2.

Proof: [Proof of Lemma 2.1] Note that exp(Fℓ(i)) =
∑i

j=1 σ(q, v
ℓ
(j)) + η = exp(Fℓ(i − 1)) +

σ(q, vℓ(i)). Therefore, we have

exp(Fℓ(i)− Fℓ(i− 1)) =
exp(Fℓ(i))

exp(Fℓ(i− 1))
=

exp(Fℓ(i− 1)) + σ(q, vℓ(i))

exp(Fℓ(i− 1))
= 1 +

σ(q, vℓ(i))

exp(Fℓ(i− 1))

(2.8)

Similarly, we have exp(Fℓ(i
′)− Fℓ(i

′ − 1)) = 1 +
σ(q,vℓ

(i′))

exp(Fℓ(i′−1))
.

In addition, the indexing of the vectors vℓ(j) ensures that σ(q, vℓ(i′)) ≥ σ(q, vℓ(i)) for i′ < i.

Moreover, exp(Fℓ(i)) is non-decreasing since it is the cumulative sum of non-negative similarities
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upto ith vector vℓ(i). Hence, exp(Fℓ(i)) ≥ exp(Fℓ(i
′)) for i′ < i. Combining these inequalities,

we obtain

σ(q, vℓ(i′))

exp(Fℓ(i′ − 1))
≥

σ(q, vℓ(i))

exp(Fℓ(i− 1))
.

That is, 1 +
σ(q,vℓ

(i′))

exp(Fℓ(i′−1))
≥ 1 +

σ(q,vℓ
(i)

)

exp(Fℓ(i−1))
. Hence, equation (2.8) gives us

exp(Fℓ(i
′)− Fℓ(i

′ − 1)) ≥ exp(Fℓ(i)− Fℓ(i− 1)) (2.9)

Since exp(·) is an increasing function, inequality (2.9) implies

Fℓ(i
′)− Fℓ(i

′ − 1) ≥ Fℓ(i)− Fℓ(i− 1) .

The lemma stands proved. 2

Proof: [Proof of Lemma 2.2] Assume, towards a contradiction, that there exists a subset of

input vectors S that satisfies |S ∩ Dℓ| = |Alg ∩ Dℓ|, for each ℓ ∈ [c], and still induces NSW

strictly greater than that of Alg. This strict inequality implies that there exists an attribute

a ∈ [c] with the property that the utility ua(S) > ua(Alg).∑
t∈S∩Da

σ(q, t) >
∑

v∈Alg∩Da

σ(q, v) (2.10)

On the other hand, note that the construction of Algorithm 1 and the definition of D̂a ensure

that the vectors in Alg ∩ Da are, in fact, the most similar to q among all the vectors in

Da. This observation and the fact that |S ∩ Da| = |Alg ∩ Da| gives us
∑

v∈Alg∩Da
σ(q, v) ≥∑

t∈S∩Da
σ(q, t). This equation, however, contradicts the strict inequality (2.10).

Therefore, by way of contradiction, we obtain that there does not exist a subset S such that

|S∩Dℓ| = |Alg∩Dℓ|, for each ℓ ∈ [c], and NSW(Alg) < NSW(S). The lemma stands proved.

2

Remark 1 Corollary 2.1 assumes that the α-approximate nearest neighbor oracle ANN, when

run on a set of vectors P ′ ⊆ Rd, |P ′| = n, and query vector q ∈ Rd, returns an ordered set

L ⊆ P ′, |L| = k such that the i-th vector v̂(i) in L satisfies σ(q, v̂(i)) ≥ α ·σ(q, v∗(i)) for all i ∈ [k];

here v∗(i) is the i-th most similar vector in P ′ to query q. Moreover, recall that the similarity

function σ(·, ·) is non-negative, which is crucial for the proof of Corollary 2.1.
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2.3 NaNNS in the Multi-Attribute Setting

In this section, we first establish the NP-Hardness of the NaNNS problem in the multi-attribute

setting by stating the proof of Theorem 2.2. Thereafter, we describe an efficient algorithm that

obtains a constant approximation in terms of the logarithm of the Nash Social Welfare objective,

and prove the approximation ratio (Theorem 2.3).

2.3.1 Proof of Theorem 2.2

Recall that in the multi-attribute setting, input vectors v ∈ P are associated with one or more

attributes, |atb(v)| ≥ 1.

Theorem 2.2 In the multi-attribute setting, with parameter η = 1, NaNNS is NP-hard.

Proof: Consider the decision version of the optimization problem: given a threshold W ∈ Q,

decide whether there exists a size-k subset S ⊆ P such that log NSW(S) ≥ W . We will

refer to this problem as NaNNS. Note that the input in an NaNNS instance consists of: a set

of n vectors P ⊂ Rd, a similarity function σ : Rd × Rd → R+, an integer k ∈ N, the sets

Dℓ = {p ∈ P : ℓ ∈ atb(p)} for every attribute ℓ ∈ [c], a query point q ∈ Rd, and threshold

W ∈ Q. We will show that NaNNS is NP-complete by reducing Exact Regular Set Packing

(ERSP) to it. ERSP is known to be NP-complete [32] and is also W[1]-hard with respect to solution

size [7].

In ERSP, we are given a universe of n elements, U = {1, 2, . . . , n}, an integer k ∈ N, and a

collection of m subsets S = {S1, . . . , Sm}, with each subset Si ⊆ U of cardinality τ (i.e., |Si| = τ

for each i ∈ [m]). The objective here is to decide whether there exists a size-k sub-collection

I ⊆ S such that for all distinct S, S ′ ∈ I we have S ∩ S ′ = ∅.
For the reduction, we start with the given instance of ERSP and construct an instance of

NaNNS: Consider U as the set of attributes, i.e., set c = n. In addition, we set the input vectors

P =
{

1
τ
1S | S ∈ S

}
; here, 1S ∈ Rn is the characteristic vector (in Rn) of the subset S, i.e.,

for each i ∈ [n], the i-th coordinate of 1S is 1{i ∈ S}. Note that the set of vectors P is of

cardinality m.

Furthermore, we set the query vector q = 1 as the all-ones vector in Rn. In this NaNNS

instance, each input vector 1
τ
1S is assigned attribute ℓ ∈ [n] iff element ℓ ∈ S. That is,

Dℓ = { 1
τ
1S | S ∈ S and ℓ ∈ S}. The number of neighbors to be found in the constructed

NaNNS is equal to k, which is the count in the given the ERSP instance. Also, the similarity

function σ : Rn×Rn → R is taken to be the standard dot-product. Finally, we set the threshold

W = τk log 2
c

.
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Note that the reduction takes time polynomial in n and m. In addition, for each input

vector v ∈ P it holds that v = 1
τ
· 1S for some S ∈ S and, hence, σ(q, v) = ⟨ 1

τ
1S,1⟩ = 1.

Now we establish the correctness of the reduction.

Forward direction “⇒”: Suppose the given ERSP instance admits a (size-k) solution I∗ ⊂ S.

Consider the subset of vectors N∗ := { 1
τ
1S|S ∈ I∗}. Indeed, N∗ ⊆ P and |N∗| = k, hence

N∗ is a feasible set of the NaNNS problem. Now, since I∗ is a solution to the ERSP instance, for

distinct S, S ′ ∈ I∗ we have S∩S ′ = ∅. In particular, if for an element ℓ ∈ [c], we have ℓ ∈ S for

some S ∈ I∗, then ℓ /∈ S ′ for all S ′ ∈ I∗ \ {S}. Therefore, |N∗ ∩Dℓ| ≤ 1 for all ℓ ∈ [c], which in

turn implies that uℓ(N
∗) is either 1 or 0 for every ℓ ∈ [c]. Finally, note that each vector v ∈ P

belongs to exactly τ attributes, i.e., |atb(v)| = τ . Hence,

log NSW(N∗) =
1

c

c∑
ℓ=1

log(1 + uℓ(N
∗)) =

1

c

∑
v∈N∗

∑
ℓ∈atb(v)

log(1 + 1) =
τk log 2

c
.

Therefore, if the given ERSP instance admits a solution (exact packing), then the constructed

NaNNS instance has k neighbors with sufficiently high log NSW.

Reverse direction “⇐”: Suppose N∗ ⊆ P is a solution in the constructed NaNNS instance with

|N∗| = k and log NSW(N∗) ≥ W . Define I∗ := {S | 1
τ
· 1S ∈ N∗} and note that |I∗| = k. We

will show that I∗ is a solution for the given ERSP instance, i.e., it consists of disjoint subsets.

Towards this, first note that N∗ induces social welfare:∑
ℓ∈[c]

uℓ(N
∗) =

∑
ℓ∈[c]

∑
v∈N∗∩Dℓ

σ(q, v) =
∑
v∈N∗

∑
ℓ∈atb(v)

σ(q, v) = τk (2.11)

Furthermore, any attribute ℓ ∈ [c] has a non-zero utility under N∗ iff ℓ ∈ S for some subset

S ∈ I∗. Hence, A := ∪S∈I∗S corresponds to the set of attributes with non-zero utility under

N∗. We have 1 ≤ |A| ≤ τk. Next, using the fact that log NSW(N∗) ≥ W = τk log 2
c

we obtain

τk log 2

c
≤ log NSW(N∗) =

1

c

∑
ℓ∈[c]

log(1 + uℓ(N
∗))

=
1

c

∑
ℓ∈A

log(1 + uℓ(N
∗))

=
|A|
c

1

|A|
∑
ℓ∈A

log(1 + uℓ(N
∗))

≤ |A|
c

log

(
1

|A|
∑
ℓ∈A

(1 + uℓ(N
∗))

)
(concavity of log)
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=
|A|
c

log

(
1 +

∑
ℓ∈A uℓ(N

∗)

|A|

)
=
|A|
c

log

(
1 +

τk

|A|

)
(via (2.11))

≤ τk log 2

c
.

Here, the last inequality follows from Lemma 2.3 (stated and proved below). Hence, all the

inequalities in the derivation above must hold with equality. In particular, we must have

|A| = τk by the quality condition of Lemma 2.3. Therefore, for distinct sets S, S ′ ∈ I∗ it holds

that S ∩ S ′ = ∅. Hence, as desired, I∗ is a solution of the ERSP instance.

This completes the correctness of the reduction, and the theorem stands proved. 2

Lemma 2.3 For any a > 0 and for all x ∈ (0, a] it holds that x log(1 + a
x
) ≤ a log 2. Further-

more, the equality holds iff x = a.

Proof: Write f(x) := x log(1 + a
x
). At the end points of the domain (0, a], the function f(·)

satisfies: f(a) = a log(2) and

lim
x→0+

f(x) = lim
x→0+

x log(a+ x)− x log x = lim
x→0+

x log(a+ x)− lim
x→0+

x log(x) = 0− 0 = 0.

Note that f ′(x) = log(1 + a
x
) − a

a+x
. We will show that f ′(x) > 0 for all x ∈ (0, a] which will

conclude the proof.

Case 1: x ∈ (0, a
2
]. We have log(1 + a

x
) ≥ log(1 + a

a/2
) = log(3) > 1. On the other hand,

a
a+x
≤ 1.

Case 2: x ∈ (a
2
, a]. In this case, log(1 + a

x
) ≥ log(1 + a

a
) = log(2) > 0.693. However,

a
a+x

< a
a+a

2
= 2

3
≤ 0.667.

Therefore, f ′(x) = log(1 + a
x
)− a

a+x
> 0 for all x ∈ (0, a], which completes the proof. 2

2.3.2 Algorithm for the Multi-Attribute Setting

This section details Algorithm 2, based on which we obtain Theorem 2.3. The algorithm

greedily selects the k neighbors for the given query q. Specifically, the algorithm iterates k

times, and in each iteration, it selects a new vector (from the given set P ) whose inclusion in

the current solutionAlg yields that maximum increase in log NSW (Line 3). After k iterations,

the algorithm returns the k selected vectors Alg.
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Algorithm 2: MultiNashANN: Approximation algorithm in the multi-attribute setting

Input: Query q ∈ Rd, and the set of input vectors P ⊂ Rd

1 Initialize Alg = ∅.
2 for i = 1 to k do
3 Set v̂ = argmaxv∈P\Alg

(
log NSW(Alg ∪ {v}) − log NSW(Alg)

)
.

4 Update Alg← Alg ∪ {v̂}.
5 return Alg

2.3.3 Proof of Theorem 2.3

We now establish Theorem 2.3, which provides the approximation ratio achieved by Algo-

rithm 2.

Theorem 2.3 In the multi-attribute setting with parameter η = 1, there exists a polynomial-

time algorithm (Algorithm 2) that, given any query q ∈ Rd, finds a size-k subset Alg ⊆ P

with log NSW(Alg) ≥
(
1− 1

e

)
log NSW(Opt); here, Opt denotes an optimal solution for the

optimization problem (2.2).

Proof: For each subset S ⊆ P , write function f(S) := log NSW(S). Since parameter

η = 1, we have f(∅) = 0 and the function is nonnegative. Moreover, we will show that this

set function f : 2P → R+ is monotone and submodular. Given that Algorithm 2 follows the

marginal-gain greedy criterion in each iteration, it achieves a (1 − 1
e
)-approximation for the

submodular maximization problem (2.2).

To establish the monotonicity of f , consider any pair of subsets S ⊆ T ⊆ P . Here, for each

ℓ ∈ [c], we have Dℓ ∩ S ⊆ Dℓ ∩ T . Hence, uℓ(S) ≤ uℓ(T ). Further, since log is an increasing

function, it holds that log(uℓ(S) + 1) ≤ log(uℓ(T ) + 1), for each ℓ ∈ [c]. Hence, f(S) ≤ f(T ),

and we obtain that f is monotone.

For submodularity, let S ⊆ T ⊆ P be any two subsets and let w ∈ P \ T . Write S +w and

T + w to denote the sets S ∪ {w} and T ∪ {w}, respectively. Here, we have

f(S + w)− f(S)− f(T + w) + f(T )

=
1

c

∑
ℓ∈[c]

log

(
1 +

∑
v∈Dℓ∩(S+w) σ(q, v)

1 +
∑

v∈Dℓ∩S σ(q, v)
·

1 +
∑

v∈Dℓ∩T σ(q, v)

1 +
∑

v∈Dℓ∩(T+w) σ(q, v)

)

=
1

c

∑
ℓ∈atb(w)

log

(1 + σ(q, w)

1 +
∑

v∈Dℓ∩S σ(q, v)

)
·

(
1 +

σ(q, w)

1 +
∑

v∈Dℓ∩T σ(q, v)

)−1

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=
1

c

∑
ℓ∈atb(w)

log

((
1 +

σ(q, w)

1 + uℓ(S)

)
·
(
1 +

σ(q, w)

1 + uℓ(T )

)−1
)

≥ 0 (uℓ(S) ≤ uℓ(T ) for S ⊆ T )

Therefore, upon rearranging, we obtain f(S + w) − f(S) ≥ f(T + w) − f(T ), i.e., f is

submodular. Hence, Algorithm 2, which follows marginals-gain greedy selection, achieves a

(1− 1
e
)-approximation [71] for the optimization problem (2.2). 2

Remark 2 The approximation guarantee in Theorem 2.3 is in terms of the log of Nash Social

Welfare, which is the objective stated in the definition of NaNNS (Definition 2.1). Note that x 7→
log(1 + x) is increasing and non-negative for x ≥ 0. Thus, any O∗ ∈ argmaxL⊆P,|L|=k NSW(L)

is also a solution of maxL⊆P,|L|=k log NSW(L) and vice versa. Hence, Theorem 2.3 implies that

the solution Alg returned by Algorithm 2 satisfies NSW(Alg) ≥ NSW(O∗)(1−1/e). Achieving

a multiplicative approximation of the form NSW(Alg) ≥ c · NSW(O∗), for constant c, is an

interesting future direction.

2.4 Experimental Evaluations

In this section, we validate the welfare-based formulations and the performance of our proposed

algorithms against existing methods on a variety of real and semi-synthetic datasets. We

perform three sets of experiments:

• In the first set of experiments (Figure 2.3), we compare Nash-ANN (Algorithm 1) with

prior work on hard-constraint based diversity [3]. Here, we show that Nash-ANN strikes a

balance between relevance and diversity both in the single- and multi-attribute settings.

• In the second set of experiments (Figure 2.4), we study the effect of varying the exponent

parameter p in the p-NNS objective on relevance and diversity, in both single- and multi-

attribute settings.

• In the final set of experiments (Tables 2.2 and 2.3), we compare our algorithm, Nash-ANN (with

provable guarantees), and a heuristic we propose to improve the runtime of Nash-ANN. The

heuristic directly utilizes a standard ANN algorithm to first fetch a sufficiently large candi-

date set of vectors (irrespective of their attributes). Then, it applies the greedy procedure

for Nash social (or p-mean) welfare maximization (similar to Lines 4-6 in Algorithm 1)

only within this set.
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In what follows, we provide the details of the experimental set-ups, the baseline algorithms and

the results of the experiments.

Additional plots for the experiments appear in Appendices 2.7.1 and 2.7.2.

2.4.1 Metrics for Measuring Relevance and Diversity

Relevance Metrics: In our experiments, we capture the relevance of a solution to the query

through two metrics detailed below.

1. Approximation Ratio: For a given query q, let S be the set of k vectors returned by

an NNS algorithm that we wish to study, and let O be the k most similar vectors to q

in P . Then the approximation ratio of the algorithm is defined as the ratio
∑

v∈S σ(q,v)∑
v∈O σ(q,v)

.

Therefore, a higher approximation ratio indicates a more relevant solution. Note that the

highest possible value of this metric is 1.

2. Recall: For a given query q, let S be the set of k vectors returned by an NNS algorithm

that we wish to study and let O be the k most similar vectors to q in P . The recall of

the algorithm is defined as the quantity |S∩O|
|O| . Therefore, higher the recall, more relevant

the solution, and the maximum possible value of recall is 1.

Remark 3 Although recall is a popular metric in the context of the standard NNS problem, it

is important to note that it is a fragile metric when the objective is to retrieve a relevant and di-

verse set of vectors for a given query. This can be illustrated with the following stylized example

in the single-attribute setting. Suppose for a given query q, all the vectors in the similarity-wise

optimal set O have similarity 1 and share the same attribute ℓ∗ ∈ [c], i.e., for each u ∈ O

we have σ(q, u) = 1 and atb(u) = ℓ∗. That is, the set O of the k most similar vectors to q

are not at all diverse. However, it is possible to have another set S of k vectors each with a

distinct attribute and σ(q, v) = 0.99 for each v ∈ S. Such a set provides a highly relevant set of

vectors that are also completely diverse. However, for the set S, the recall is actually 0 (since

S ∩O = ∅), but the approximation ratio is 0.99. Hence, in the context of diverse nearest neigh-

bor search problem, approximation ratio may be a more meaningful relevance metric than recall.

Diversity Metrics: To measure the diversity of the solutions obtained by various algorithms,

we consider the following metrics.

• Entropy: Let S ⊆ P be a size-k subset computed by an algorithm. Then the entropy

of the set S in the single-attribute setting is given by the quantity
∑

ℓ∈[c]:pℓ>0−pℓ log(pℓ)
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Table 2.1: Summary of considered datasets. For synthetic attributes, we use two strategies:
clustering-based (suffixed by Clus) and distribution-based (suffixed by Prob), see Section 2.4.2
for details.

Dataset # Input Vectors # Query Vectors Dimension Attributes

Amazon 92, 092 8, 956 768 product color

ArXiv 200, 000 50, 000 1536 year, paper category

Sift1m 1, 000, 000 10, 000 128 synthetic

Deep1b 9, 990, 000 10, 000 96 synthetic

where pℓ =
|S∩Dℓ|

|S| . Note that a higher entropy value indicates greater diversity. Moreover,

it is not hard to see that the highest possible value of entropy is log(k) (achieved when S

contains at most 1 vector from each attribute).

• Inverse Simpson Index: For a given set S ⊆ P in the single-attribute setting, the

inverse Simpson index is defined as 1∑c
ℓ=1 p

2
ℓ
where pℓ is the same as in the definition of

entropy above. A higher value of this metric indicates greater diversity.

• Distinct Attribute Count: In the single-attribute setting, the distinct attribute count

of a set S ⊆ P is the number of different attributes that have at least one vector in S,

i.e., the count is equal to |{ℓ ∈ [c] | |S ∩Dℓ| > 0}|.

Note that the diversity metrics defined above are for the single-attribute setting. In the

multi-attribute setting, in our experiments, we focus on settings where the attribute set [c] is

partitioned into m sets {Ci}mi=1 (i.e., [c] = ⊔mi=1Ci) and every input vector v ∈ P is associated

with exactly one attribute from each Ci. In particular, |atb(v)| = m and |atb(v) ∩ Ci| = 1 for

each 1 ≤ i ≤ m. We call each Ci an attribute class. To measure diversity in the multi-attribute

setting, we consider the aforementioned diversity metrics like entropy and inverse Simpson

index restricted to an attribute class Ci. For instance, the entropy a set S ⊆ P restricted

to a particular Ci is given by
∑

ℓ∈Ci:pℓ>0−pℓ log(pℓ), where pℓ =
|S∩Dℓ|

|S| . Similarly, the inverse

Simpson index of a set S ⊆ P restricted to Ci is given by 1∑
ℓ∈Ci

p2ℓ
.

2.4.2 Experimental Setup and Datasets

Hardware Details. All the experiments were performed in memory on an Intel(R) Xeon(R)

Silver 4314 CPU (64 cores, 2.40GHz) with 128 GB RAM. We set the number of threads to 32.

Datasets. We report results on both semi-synthetic and real-world datasets consistent with

prior works [3]. These are summarized in Table 2.1 and detailed below.
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1. Amazon Products Dataset (Amazon): The dataset, also known as the Shopping

Queries Image Dataset (SQID) [34], includes vector embeddings of about 190, 000 product

images and about 9, 000 text queries by users. The embeddings of both product images

and query texts are obtained via OpenAI’s CLIP model [74], which maps both images

and texts to a shared vector space. Given this dataset, our task is to retrieve relevant

and diverse product images for a given text query. SQID also contains metadata for every

product image, such as product image url, product id, product description, product title,

and product color. The dataset is publicly available on Hugging Face platform.1

For this dataset, we choose the set of all possible product colors in the dataset as our set

of attributes [c]. We noted that for a lot of products, the color of the product in its image

did not match the product color in the associated metadata. Hence, to associate a clean

attribute (color) to each vector (product) in the dataset, we use the associated metadata

as follows: we assign to the vector the majority color among the colors listed in the

product color, product description, and title of the product. In case of a tie, we assign

a separate attribute (color) called ‘color mix’. Further, we remove from consideration

product images whose metadata does not contain any valid color names. The processed

dataset contains 92, 092 vector embeddings of product images and constitutes our set P .

Note that the dataset exhibits a skewed color distribution, shown in Figure 2.1, with

dominant colors such as black and white. No processing is applied to the query set which

contains 8, 956 vectors. The vector embeddings of both images and queries are d = 768

dimensional. We use σ(u, v) = 1 + u⊤v
∥u∥·∥v∥ as the similarity function between two vectors

u and v. Since the CLIP model was trained using the cosine similarity metric in the

loss function (see [34], Section 4.2), this similarity function is a natural choice for the

Amazon dataset.

2. ArXiv OpenAI Embedding (ArXiv): This dataset published by Cornell University

consists of vector embeddings and metadata for approximately 250, 000 machine learning

papers from arXiv.org [95]. The vector embeddings of the papers were generated via

OpenAI’s text-embedding-ada-002 model, executed on each paper’s title, authors, year,

and abstract. The dataset is publicly available on Kaggle [95].2 Note that there are no

user queries prespecified in this dataset.

We use this dataset to study both the single- and multi-attribute setting. For the single-

attribute setting, we only consider the year in which a paper was last updated as its

1https://huggingface.co/datasets/crossingminds/shopping-queries-image-dataset
2https://www.kaggle.com/datasets/awester/arxiv-embeddings
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Figure 2.1: Distribution of product colors in the processed (cleaned) Amazon dataset.

attribute. For the multi-attribute setting, the paper’s update year and its arXiv category

are the two associated attributes. Therefore, we have m = 2 attribute classes: update

years and arXiv categories. Specifically, for the experiments we only consider papers with

update-year between 2012 and 2025 and belonging to one or more of the following arXiv

categories: cs.ai, math.oc, cs.lg, cs.cv, stat.ml, cs.ro, cs.cl, cs.ne, cs.ir, cs.sy,

cs.hc, cs.cr, cs.cy, cs.sd, eess.as, and eess.iv.

(a) (b)

Figure 2.2: Distribution of (a) arXiv categories (b) last update year in the ArXiv dataset.

Since this dataset does not contain predefined queries, we randomly split the dataset in

4 : 1 ratio, and use the larger part as the set P and the smaller part as the queries. Here,

by using the vector embeddings of papers themselves as queries, we aim to simulate the

task of finding papers similar to a given query paper. The similarity function used for

this dataset is the reciprocal of the Euclidean distance, i.e., σ(u, v) = 1
∥u−v∥+δ

, for any

two vectors u and v; here, δ > 0 is a small constant to avoid division by zero in case

∥u− v∥ = 0. Typically, we set δ = η, where η is the smoothening parameter used in the

definition of NSW(·). The distribution of the attributes across the vectors is shown in
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Figure 2.2.

3. SIFT Embeddings: This is a standard benchmarking dataset for approximate nearest

neighbor search in the Euclidean distance metric [92]. The dataset consists of SIFT

vector embeddings in d = 128 dimensional space. In particular, here input set P contains

1, 000, 000 vectors and we have 10, 000 vectors as queries. The embeddings are available

at [92].1 Note that this dataset does not contain any metadata that can be naturally used

to assign attributes to the given vectors. Therefore, we utilize the following two methods

for synthetically assigning attributes to the input vectors.

• Clustering-based (Sift1m-(Clus)): Since attributes such as colors often occupy

distinct regions in the embedding space, we apply k-means clustering [57, 65] to

identify 20 clusters. Each cluster is then assigned a unique index, and vectors in

the same cluster are associated with the index of the cluster, which serves as our

synthetic attribute. This simulates a single-attribute setting with c = 20.

To simulate the multi-attribute setting, we extend the above method of attribute

generation. Given an input vector v of 128 dimensions, we split it into 4 vectors

{vi}4i=1, each of 32 dimensions. In particular, the vector v1 consists of the first 32

components of v, the vector v2 is obtained from the next 32 components of v, so

on. Next, for each i ∈ [4], we apply k-means clustering on P i := {vi : v ∈ P} to

identify 20 clusters. We write Ci = {ci1, . . . , ci20} to denote these 20 clusters for P i

and if vector vi belongs to a cluster cij, then vi is assigned the attribute cij, i.e., we set

atb(vi) = cij. Finally, for a vector v ∈ P , we assign atb(v) = {atb(v1), . . . , atb(v4)}.
Note that this method of simulating the multi-attribute setting yields m = 4 at-

tribute classes.

• Probability distribution-based (Sift1m-(Prob)): As in prior work [3], we also

consider a setting wherein the input vectors have randomly assigned attributes.

Specifically, we consider the single-attribute setting with c = 20. Here, we assign

each vector v ∈ P an attribute as follows: with probability 0.9, select an attribute

from {1, 2, 3} uniformly at random, otherwise, with the remaining 0.1 probability,

select an attribute from {4, . . . , 20} uniformly at random. This results in a skewed

distribution of vectors among attributes that mimics real-world settings (e.g., market

dominance by a few sellers).

1https://www.tensorflow.org/datasets/catalog/sift1m
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4. Deep Descriptor Embeddings: This is another standard dataset for nearest neighbor

search [92].1 The version of the dataset used in the current work contains 9, 990, 000 input

vectors and 10, 000 separate query vectors. Here, the vectors are 96 dimensional and the

distances between them are evaluated using the cosine distance.

As in the case of SIFT dataset, input vectors in Deep1b do not have predefined at-

tributes. Hence, we use the above-mentioned methods (based on clustering and random-

ization) to synthetically assign attributes to the vectors. This gives us the clustering-based

Deep1b-(Clus) and probability distribution-based Deep1b-(Prob) versions of the dataset.

Choice of Parameter η: For our methods, we tune and set the smoothing parameter, η, to

0.01 for the ArXiv, Sift1m-(Clus) and Sift1m-(Prob) datasets, and set it to 0.0001 to analyze

p-NNS. For other datasets, namely Amazon, Deep1b-(Clus) and Deep1b-(Prob), we set η to

50.

2.4.3 Algorithms

Next, we describe the algorithms executed in the experiments.

1. ANN: This is the standard ANN algorithm that aims to maximize the similarity of the

retrieved vectors to the given query without any diversity considerations. In our experi-

ments, we use the graph based DiskANN method of [87] as the standard ANN algorithm.

We instantiate DiskANN with candidate list size L = 2000 and the maximum graph de-

gree as 128.2 Here, we also set the pruning factor at 1.3, which is consistent with the

existing recommendation in [3].

2. Div-ANN: This refers to the algorithm of [3] that solves the hard- constraint-based formu-

lation for diversity in the single-attribute setting. Recall that [3] aims to maximize the

similarity of the retrieved vectors to the given query subject to the constraint that no

more than k′ vectors in the retrieved set should have the same attribute. Note that the

smaller the value of k′, the more diverse the retrieved set of vectors. Moreover, k′ has to

be provided as an input to this algorithm. In our experiments, we set different values k′,

such as k′ ∈ {1, 2, 5} when k = 10, and k′ ∈ {1, 2, 5, 10} when k = 50.

3. Nash-ANN and p-mean-ANN: Nash-ANN refers to Algorithm 1 and p-mean-ANN refers to

Algorithm 3 (stated in Appendix 2.6). Recall that Algorithm 1 and Algorithm 3 optimally

1https://www.tensorflow.org/datasets/catalog/deep1b
2Both these choices are sufficiently larger than the standard values, L = 200 and maximum graph degree

64.
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solve the NaNNS and the p-NNS problems, respectively, in the single-attribute setting

given access to an exact nearest neighbor search oracle (Theorems 2.1 and 2.4). Further

note that the p-mean welfare function,Mp(·), reduces to the Nash social welfare (geometric

mean) when the exponent parameter p→ 0+. For readability and at required places, we

will write p = 0 to denote Nash-ANN. We conduct experiments with varying values of

p ∈ {−10,−1,−0.5, 0, 0.5, 1}.

4. Multi Nash-ANN and Multi Div-ANN: In the multi-attribute setting, there are no prior

methods to address diversity. Hence, for comparisons, we first fetch L = 10000 candidate

vectors from P for each query q, using the standard ANN method, and then apply the

following algorithms on the candidate vectors: (i) our algorithm for the NaNNS problem

in the multi-attribute setting (Algorithm 2), which we term as Multi Nash-ANN, and (ii)

an adaptation of the algorithm of [3], referred hereon as Multi Div-ANN, which greedily

selects the most similar vectors to the query subject to the constraint that there are no

more than k′ vectors from each attribute.1 We compare Multi Nash-ANN (p = 0) against

Multi Div-ANN under different choices of k′.

5. Multi p-mean-ANN: In the multi-attribute setting, we also implement an analogue of

Multi Nash-ANN that (in lieu of NSW) focuses on the p-mean welfare, Mp. The objective

in these experiments is to understand the impact of varying the parameter p and the

resulting tradeoff between relevance and diversity. Here, for each given query, we first

fetch a set of L = 10000 candidate vectors using ANN. Then, we populate a set of k

vectors by executing a marginal-gains greedy method over the L candidate vectors. In

particular, we iterate k times, and in each iteration, select a new candidate vector that:

(i) for p ∈ (0, 1], yields the maximum increase in Mp(·)p, or (ii) for p < 0, leads to the

maximum decrease in Mp(·)p.

2.4.4 Results: Balancing Relevance and Diversity

Single-attribute setting. We first compare, in the single-attribute setting, the performance

of our algorithm, Nash-ANN, with ANN and Div-ANN (with different values of k′). The results

for the Amazon and Deep1b-(Clus) datasets with k = 50 are shown in Figure 2.3 (columns

one and two). Here, ANN finds the most relevant set of neighbors (approximation ratio close to

1), albeit with the lowest entropy (diversity). Moreover, as can be seen in the plots, the most

1Note that one vector can have multiple attributes, hence contributing to the constraint of multiple at-
tributes. Therefore, the issue of identifying an appropriate k′ is exacerbated on moving to the multi-attribute
setting.
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Figure 2.3: Columns 1 and 2 - Comparison of approximation ratio versus entropy trade-offs between

Nash-ANN, and Div-ANN with varying k′, for k = 50 on Amazon and Deep1b-(Clus) datasets in the

single-attribute setting. Columns 3 and 4 - Comparison of approximation ratio versus entropy

trade-offs (across attribute classes C1 and C2) between Multi Nash-ANN, and Multi Div-ANN with

varying k′ on Sift1m-(Clus) dataset with k = 50 in the multi-attribute setting.

diverse (highest entropy) solution is obtained when we set, in Div-ANN, k′ = 1; this restricts

each ℓ ∈ [c] to contribute at most one vector in the output of Div-ANN. Also, note that one can

increase the approximation ratio (i.e., increase relevance) of Div-ANN while incurring a loss in

entropy (diversity), by increasing the value of the constraint parameter k′. However, selecting

a ‘right’ value for k′ is non-obvious, since this choice needs to be tailored to the dataset and,

even within it, to queries (recall the “blue shirt” query in Figure 1.1).

By contrast, Nash-ANN does not require such ad hoc adjustments and, by design, finds a

balance between relevance and diversity. Indeed, as can be seen in Figure 2.3 (columns 1 and

2), Nash-ANN maintains an approximation ratio close to 1 while achieving diversity similar

to Div-ANN with k′ = 1. Moreover, Nash-ANN Pareto dominates Div-ANN with k′ = 2 for

Amazon dataset and k′ = 5 for Deep1b-(Clus) dataset on the fronts of approximation ratio

and entropy. The results for other datasets and metrics follow similar trends and are given in

Appendix 2.7.1.

Multi-attribute setting. In the multi-attribute setting, we report results for Multi Nash-ANN

and Multi Div-ANN on the Sift1m-(Clus) dataset (Figure 2.3, columns 3 and 4) for k = 50

and c = 80. These eighty attributes are partitioned into four sets, {Ci}4i=1, with each set of

size |Ci| = 20, i.e., [c] = ∪4i=1Ci. Further, each input vector v is associated with four attributes

(|atb(v)| = 4), one from each Ci; see Section 2.4.2 for further details. Here, to quantify di-

versity, we separately consider for each i ∈ [4], the entropy across attributes within a Ci. In

Figure 2.3 (columns 3 and 4), we compare the approximation ratio versus entropy trade-offs

of Multi Nash-ANN against Multi Div-ANN with varying k′. Here we show the results for at-

tribute classes C1 (column 1) and C2 (column 2) whereas the results for C3 and C4 are given

in Figure 2.29. We observe that Multi Nash-ANN maintains a high approximation ratio (rele-

vance) while simultaneously achieving significantly higher entropy (higher diversity) than ANN.
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Figure 2.4: Columns 1 and 2 - Approximation ratio versus entropy trade-offs for p-mean-ANN at

various p values, for k = 50 on Amazon and Deep1b-(Clus) datasets in the single-attribute setting.

Columns 3 and 4 - Approximation ratio versus entropy trade-offs (across attribute classes C1 and

C2) for Multi p-mean-ANN with varying p on Sift1m-(Clus) dataset with k=50 in the multi-attribute

setting.

By contrast, in the constraint-based method Multi Div-ANN, low values of k′ lead to a notable

drop in the approximation ratio, whereas increasing k′ reduces entropy. For example, for k′

below 15, one obtains approximation ratio less than 0.8, and to reach an approximation ratio

comparable to Multi Nash-ANN, one needs k′ as high as 30. Additional results for the ArXiv

dataset in the multi-attribute setting are provided in Appendix 2.7.2, and they exhibit trends

similar to the ones in Figure 2.3. These findings demonstrate that Multi Nash-ANN achieves a

balance between relevance and diversity. In summary

Across datasets, and in both single- and multi-attribute settings, the Nash formula-

tion consistently improves entropy (diversity) over ANN, while maintaining an ap-

proximation ratio (relevance) of roughly above 0.9. By contrast, the hard-constrained

formulation is highly sensitive to the choice of the constraint parameter k′, and in

some cases, incurs a substantial drop in approximation ratio (even lower than 0.2).

Results for p-NNS. Recall that, selecting the exponent parameter p ∈ (−∞, 1] enables us to

interpolate p-NNS between the standard NNS problem (p = 1), NaNNS (p = 0), and optimizing

solely for diversity (p → −∞). We execute p-mean-ANN for p ∈ {−10,−1,−0.5, 0, 0.5, 1} in

both single- and multi-attribute settings and show that a trade-off between relevance (approx-

imation ratio) and diversity (entropy) can be achieved by varying p.

For the single-attribute setting, Figure 2.4 (columns 1 and 2), and for the multi-attribute

setting, Figure 2.4 (columns 3 and 4) capture this feature on Sift1m-(Clus) dataset with

k = 50: For lower values of p, we have higher entropy but lower approximation ratio, while

p = 1 matches ANN. For the multi-attribute setting, we show results for attribute classes C1

(column 3) and C2 (column 4) in Figure 2.4, whereas the results for C3 and C4 are shown in

Figure 2.29. Note that in the multi-attribute setting, Multi p-mean-ANN with p = −10 Pareto
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dominates Multi Div-ANN with k′ = 1 in terms of approximation ratio and entropy. Moreover,

analogous results are obtained for other datasets and metrics; see Appendix 2.7.1 and 2.7.2.

2.4.5 p-FetchUnion-ANN: A Faster Heuristic for the Single Attribute

Setting

Further, we empirically study a faster heuristic algorithm for our NSW and p-mean welfare

formulations. Specifically, the heuristic—called p-FetchUnion-ANN—first fetches a sufficiently

large candidate set of vectors (irrespective of their attributes) using the ANN algorithm. Then,

it applies the Nash (or p-mean) selection (similar to Line 5 in Algorithm 1 or Lines 6-8 in Al-

gorithm 3) within this set. That is, instead of starting out with k neighbors for each ℓ ∈ [c] (as

in Line 1 of Algorithm 1), the alternative here is to work with sufficiently many neighbors from

the set ∪cℓ=1Dℓ.

Table 2.2 shows that this heuristic consistently achieves performance comparable to p-mean-ANN

in terms of approximation ratio and diversity in the Sift1m-(Clus) dataset. Since p-FetchUnion-ANN

retrieves a larger pool of vectors with high similarity, it achieves improved approximation ra-

tio over p-Mean-ANN. However, it comes at the cost of reduced entropy, which can be ex-

plained by the fact that in restricting its search to an initially fetched large pool of vectors,

p-FetchUnion-ANN may miss a more diverse solution that exists over the entire dataset. An-

other important aspect of p-FetchUnion-ANN is that, because it retrieves all neighbors from

the union at once, the heuristic delivers substantially higher throughput (measured as queries

answered per second, QPS) and therefore lower latency, which can be seen in Table 2.3 for the

Sift1m-(Clus) dataset. In particular, p-FetchUnion-ANN serves almost 10× more queries on

Sift1m-(Clus) dataset than p-mean-ANN. The latency values exhibit a similar trend with reduc-

tions of similar magnitude. In summary, these observations position the heuristic as a notably

fast method for NaNNS and p-NNS, particularly when c is large. We provide comparison of

p-FetchUnion-ANN with p-mean-ANN on other datasets in Tables 2.4 to 2.9 in Appendix 2.7.3.

2.5 Proofs of Examples 2.1 and 2.2

This section provides the proofs for Examples 2.1 and 2.2. Recall that these stylized examples

highlight how NaNNS dynamically recovers complete diversity or complete relevance based on

the data.

Example 2.1 (Complete Diversity via NaNNS) Consider an instance in which, for a given

query q ∈ Rd, all vectors in P are equally similar with the query: σ(q, v) = 1 for all v ∈ P .

Also, let |atb(v)| = 1 for all v ∈ P , and write S∗ ∈ argmaxS⊆P : |S|=k NSW(S). If c ≥ k, then
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Table 2.2: Comparison of performance across p values for Sift1m-(Clus) at k = 50.

Metric Algorithm p = −10 p = −1 p = −0.5 p = 0 p = 0.5 p = 1

Approx. Ratio

p-Mean-ANN 0.749±0.051 0.810±0.045 0.812±0.043 0.846±0.036 0.932±0.028 1.000±0.000
p-FetchUnion-ANN 0.979±0.014 0.980±0.013 0.980±0.013 0.981±0.012 0.983±0.011 1.000±0.000
ANN 1.000±0.000
Div-ANN (k′=1) 0.315±0.021

Entropy

p-Mean-ANN 4.285±0.012 4.293±0.002 4.293±0.001 4.197±0.045 3.506±0.275 0.892±0.663
p-FetchUnion-ANN 2.235±0.802 2.238±0.802 2.239±0.802 2.239±0.802 2.231±0.800 0.892±0.663
ANN 0.892±0.663
Div-ANN (k′=1) 4.289±0.053

Table 2.3: Comparison of performance on QPS and Latency across p on Sift1m-(Clus) dataset
for k = 50.

Metric Algorithm p = −10 p = −1 p = −0.5 p = 0 p = 0.5 p = 1

Query per Second
p-Mean-ANN 120.86 115.78 107.01 135.98 122.59 122.59

p-FetchUnion-ANN 1324.53 1324.62 1337.28 1442.03 1443.38 1327.03

Latency (µs)
p-Mean-ANN 264566.00 276129.00 298804.00 230318.00 235144.00 260800.00

p-FetchUnion-ANN 24133.80 24134.00 23907.00 22170.20 22149.30 28990.40

99.9th percentile of Latency
p-Mean-ANN 484601.00 513036.00 478821.00 477925.00 482777.00 479132.00

p-FetchUnion-ANN 52943.40 53474.70 54283.40 56128.70 53082.20 24088.70

here it holds that |S∗ ∩Dℓ| ≤ 1 for all ℓ ∈ [c].

Proof: Towards a contradiction, suppose there exists T ∈ argmaxS⊆P :|S|=k NSW(S) such that

|T ∩ Dℓ∗| > 1 for some ℓ∗ ∈ [c]. Note that according to the setting specified in the example,

uℓ(T ) = |T ∩Dℓ|+ η for all ℓ ∈ [c].

Since c ≥ k and |T ∩Dℓ∗| > 1, there exists ℓ′ ∈ [c] such that |T ∩Dℓ′ | = 0. Let v∗ ∈ T ∩Dℓ∗

and v′ ∈ Dℓ′ be two vectors. Consider the set T ′ = (T \ {v∗}) ∪ {v′}. We have

NSW(T ′)

NSW(T )
=

(uℓ′(T
′) + η)

(uℓ′(T ) + η)
· (uℓ∗(T

′) + η)

(uℓ∗(T ) + η)

∏
ℓ∈[c]\{ℓ∗,ℓ′}

(uℓ(T
′) + η)

(uℓ(T ) + η)

 1
c

=

(1 + η)

η
· (uℓ∗(T )− 1 + η)

(uℓ∗(T ) + η)

∏
ℓ∈[c]\{ℓ∗,ℓ′}

(uℓ(T ) + η)

(uℓ(T ) + η)

 1
c

=

(
(1 + η)

η
· (uℓ∗(T )− 1 + η)

(uℓ∗(T ) + η)

) 1
c
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=

(
uℓ∗(T )− 1 + ηuℓ∗(T ) + η2

ηuℓ∗(T ) + η2

) 1
c

> 1 (uℓ∗(T ) ≥ 2)

Therefore, we have NSW(T ′) > NSW(T ), which contradicts the optimality of T . Hence, we

must have |T ∩Dℓ| ≤ 1 for all ℓ ∈ [c], which proves the claim. 2

Example 2.2 (Complete Relevance via NaNNS) Consider an instance in which, for a

given query q ∈ Rd and a particular ℓ∗ ∈ [c], only vectors v ∈ Dℓ∗ have similarity σ(q, v) = 1 and

all other vectors v′ ∈ P\Dℓ∗ have similarity σ(q, v′) = 0. Also, suppose that |atb(v)| = 1 for each

v ∈ P , along with |Dℓ∗| ≥ k. Then, for a Nash optimal solution S∗ ∈ argmaxS⊆P,|S|=k NSW(S),

it holds that |S∗ ∩Dℓ∗ | = k. That is, for all other ℓ ∈ [c] \ {ℓ∗} we have |S∗ ∩Dℓ| = 0.

Proof: Towards a contradiction, suppose there exists T ∈ argmaxS⊆P :|S|=k NSW(S) such that

|T ∩Dℓ∗| < k. Therefore, there exists ℓ′ ∈ [c] \ {ℓ∗} such that |T ∩Dℓ′| ≥ 1. Let v∗ ∈ Dℓ∗ \ T
and let v′ ∈ T ∩Dℓ′ . Note that uℓ′(T ) = 0 since σ(q, v) = 0 for all v ∈ Dℓ for any ℓ ∈ [c] \ {ℓ∗}.
Moreover, we also have uℓ∗(T ) = |T ∩Dℓ∗|.

Consider the set T ′ = (T \ {v′}) ∪ {v∗}. We have,

NSW(T ′)

NSW(T )
=

(uℓ′(T
′) + η)

(uℓ′(T ) + η)
· (uℓ∗(T

′) + η)

(uℓ∗(T ) + η)

∏
ℓ∈[c]\{ℓ∗,ℓ′}

(uℓ(T
′) + η)

(uℓ(T ) + η)

 1
c

=

(uℓ′(T )− σ(q, v′) + η)

(uℓ′(T ) + η)
· (uℓ∗(T ) + σ(q, v∗) + η)

(uℓ∗(T ) + η)

∏
ℓ∈[c]\{ℓ∗,ℓ′}

(uℓ(T ) + η)

(uℓ(T ) + η)

 1
c

=

(
(0− 0 + η)

0 + η
· (|T ∩Dℓ∗|+ 1 + η)

(|T ∩Dℓ∗ |+ η)

) 1
c

=

(
1 +

1

|T ∩Dℓ∗ |+ η

) 1
c

> 1 .

Therefore, we have obtained NSW(T ′) > NSW(T ), which contradicts the optimality of T .

Hence, it must be the case that |T ∩Dℓ∗| = k, which proves the claim. 2

2.6 Extensions for p-NNS

This section extends our NaNNS results to p-mean nearest neighbor search (p-NNS) in the

single-attribute setting. We state our algorithm (Algorithm 3) and present corresponding guar-

antees (Theorem 2.4 and Corollary 2.2) for finding an optimal solution for the p-NNS problem.

Recall that, for any p ∈ (−∞, 1], the p-mean welfare of c agents with utilities w1, . . . , wc is

given by Mp(w1, . . . , wc) :=
(
1
c

∑c
ℓ=1 w

p
ℓ

) 1
p .

39



Here, as in Section 2.1.1, the utility is defined as uℓ(S) =
∑

v∈S∩Dℓ
σ(q, v), for any subset

of vectors S and attribute ℓ ∈ [c]. Also, with a fixed smoothing constant η > 0, we will write

Mp(S) := Mp (u1(S) + η, . . . , uc(S) + η), and the p-NNS problem is defined as

max
S⊆P :|S|=k

Mp (S) (2.12)

Throughout this section, we will write let Fℓ(i) :=
(∑i

j=1 σ(q, v
ℓ
(j)) + η

)p
, for each attribute

ℓ ∈ [c]; here, as before, vℓ(j) denotes the jth most similar vector to q in D̂ℓ, the set of k most

similar vectors to q from Dℓ.

Lemma 2.4 (Decreasing Marginals for p > 0) Fix any p ∈ (0, 1] and attribute ℓ ∈ [c].

Then, for indices 1 ≤ i′ < i ≤ k, it holds that

Fℓ(i
′)− Fℓ(i

′ − 1) ≥ Fℓ(i)− Fℓ(i− 1) .

Proof: Write G(j) := Fℓ(j)− Fℓ(j − 1) for all j ∈ [k], and fℓ(i) =
∑i

j=1 σ(q, v
ℓ
(j)) for i ∈ [k].

We will establish the lemma by showing that G(j) is decreasing in j. Towards this, note that,

for indices j ≥ 2, we have

G(j − 1)−G(j)

= Fℓ(j − 1)− Fℓ(j − 2)− Fℓ(j) + Fℓ(j − 1)

= 2Fℓ(j − 1)− (Fℓ(j) + Fℓ(j − 2))

= 2(fℓ(j − 1) + η)p − ((fℓ(j) + η)p + (fℓ(j − 2) + η)p)

= 2(fℓ(j − 2) + η)p

((
1 +

σ(q, vℓ(j−1))

fℓ(j − 2) + η

)p

− 1

2

(
1 +

(
1 +

σ(q, vℓ(j−1)) + σ(q, vℓ(j))

fℓ(j − 2) + η

)p))

≥ 2(fℓ(j − 2) + η)p

((
1 +

σ(q, vℓ(j−1))

fℓ(j − 2) + η

)p

− 1

2

(
1 +

(
1 +

2σ(q, vℓ(j−1))

fℓ(j − 2) + η

)p))
(σ(q, vℓ(j−1)) ≥ σ(q, vℓ(j)); x 7→ xp is increasing for p ∈ (0, 1] and x ≥ 0)

≥ 2(fℓ(j − 2) + η)p

((
1 +

σ(q, vℓ(j−1))

fℓ(j − 2) + η

)p

−

(
1

2
· 1 + 1

2
·

(
1 +

2σ(q, vℓ(j−1))

fℓ(j − 2) + η

))p)
(x 7→ xp is concave for p ∈ (0, 1] and x ≥ 0)

= 0.

Therefore, G(j) ≤ G(j − 1) for each 2 ≤ j ≤ k. Equivalently, for indices 1 ≤ i′ < i ≤ k, it
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holds that G(i′) ≥ G(i). This completes the proof of the lemma. 2

Lemma 2.5 (Increasing Marginals for p < 0) Fix any parameter p ∈ (−∞, 0) and attribute

ℓ ∈ [c]. Then, for indices 1 ≤ i′ < i ≤ k, it holds that

Fℓ(i
′)− Fℓ(i

′ − 1) ≤ Fℓ(i)− Fℓ(i− 1) .

Proof: The proof is similar to that of Lemma 2.4, except that we now seek the reverse

inequality. In particular, writeG(j) := Fℓ(j)−Fℓ(j−1) for all j ∈ [k], and fℓ(i) =
∑i

j=1 σ(q, v
ℓ
(j))

for i ∈ [k].

To show that G(j) ≥ G(j − 1) for all indices 2 ≤ j ≤ k, note that

G(j − 1)−G(j)

= 2(fℓ(j − 2) + η)p

((
1 +

σ(q, vℓ(j−1))

fℓ(j − 2) + η

)p

− 1

2

(
1 +

(
1 +

σ(q, vℓ(j−1)) + σ(q, vℓ(j))

fℓ(j − 2) + η

)p))

≤ 2(fℓ(j − 2) + η)p

((
1 +

σ(q, vℓ(j−1))

fℓ(j − 2) + η

)p

− 1

2

(
1 +

(
1 +

2σ(q, vℓ(j−1))

fℓ(j − 2) + η

)p))
(σ(q, vℓ(j−1)) ≥ σ(q, vℓ(j)); x 7→ xp is decreasing for p ∈ (−∞, 0) and x ≥ 0)

≤ 2(fℓ(j − 2) + η)p

((
1 +

σ(q, vℓ(j−1))

fℓ(j − 2) + η

)p

−

(
1

2
· 1 + 1

2
·

(
1 +

2σ(q, vℓ(j−1))

fℓ(j − 2) + η

))p)
(x 7→ xp is convex for p ∈ (−∞, 0) and x ≥ 0)

= 0 .

Therefore, we have G(j) ≥ G(j − 1) for all 2 ≤ j ≤ k. That is, G(i′) ≤ G(i) for indices

1 ≤ i′ < i ≤ k. Hence, the lemma stands proved. 2

Lemma 2.6 In the single-attribute setting, let Alg be the subset of vectors returned by Algo-

rithm 3 and S be any subset of input vectors with the property that |S ∩Dℓ| = |Alg ∩Dℓ|, for
each ℓ ∈ [c]. Then, Mp(Alg) ≥Mp(S).

Proof: Assume, towards a contradiction, that there exists a subset of input vectors S that

satisfies |S∩Dℓ| = |Alg∩Dℓ|, for each ℓ ∈ [c], and still induces p-mean welfare strictly greater

than that of Alg. This strict inequality combined with the fact that Mp(w1, . . . , wc) is an

increasing function of wis implies that there exists an attribute a ∈ [c] with the property that
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Algorithm 3: p-Mean-ANN: Algorithm for p-NNS in the single-attribute setting

Input: Query q ∈ Rd and, for each attribute ℓ ∈ [c], the set of input vectors Dℓ ⊂ Rd

and parameter p ∈ (−∞, 1] \ {0}
1 For each ℓ ∈ [c], fetch the k (exact or approximate) nearest neighbors of q ∈ Rd from

Dℓ. Write D̂ℓ ⊆ Dℓ to denote these sets.
2 For every ℓ ∈ [c] and each index i ∈ [k], let vℓ(i) denote the ith most similar vector to q

in D̂ℓ.
3 Initialize subset Alg = ∅, along with count kℓ = 0 and utility wℓ = 0, for each ℓ ∈ [c].
4 while |Alg| < k do
5 if p ∈ (0, 1] then

6 a← argmax
ℓ∈[c]

(
(wℓ + η + σ(q, vℓ(kℓ+1)))

p − (wℓ + η)p
)
. ▷ Ties broken

arbitrarily

7 else if p < 0 then

8 a← argmin
ℓ∈[c]

(
(wℓ + η + σ(q, vℓ(kℓ+1)))

p − (wℓ + η)p
)
. ▷ Ties broken

arbitrarily

9 Update Alg← Alg ∪ {va(ka+1)} along with wa ← wa + σ(q, va(ka+1)) and
ka ← ka + 1.

10 return Alg

the utility ua(S) > ua(Alg). That is,∑
t∈S∩Da

σ(q, t) >
∑

v∈Alg∩Da

σ(q, v) (2.13)

On the other hand, note that the construction of Algorithm 3 and the definition of D̂a ensure

that the vectors in Alg ∩ Da are, in fact, the most similar to q among all the vectors in

Da. This observation and the fact that |S ∩ Da| = |Alg ∩ Da| gives us
∑

v∈Alg∩Da
σ(q, v) ≥∑

t∈S∩Da
σ(q, t). This equation, however, contradicts the strict inequality (2.13). Therefore,

by way of contradiction, we obtain that there does not exist a subset S such that |S ∩ Dℓ| =
|Alg ∩Dℓ|, for each ℓ ∈ [c], and Mp(Alg) < Mp(S). The lemma stands proved. 2

Theorem 2.4 In the single-attribute setting, given any query q ∈ Rd and an (exact) oracle ENN

for k most similar vectors from any set, Algorithm 3 (p-mean-ANN) returns an optimal solution

for p-NNS, i.e., it returns a size-k subset Alg ⊆ P that satisfies Alg ∈ argmaxS⊆P :|S|=k Mp(S).

Furthermore, the algorithm runs in time O(kc)+
∑c

ℓ=1 ENN(Dℓ, q), where ENN(Dℓ, q) is the time

required by the exact oracle to find k most similar vectors to q in Dℓ.
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Proof: The running time of the algorithm follows via arguments similar to the ones used in

the proof of Theorem 2.1.

For the correctness analysis, we divide the proof into two: p ∈ (0, 1] and p < 0.

Case 1: p ∈ (0, 1]. Since x 7→ xp is an increasing function for x ≥ 0, the problem maxS⊆P,|S|=k Mp(S)

is equivalent to maxS⊆P,|S|=k Mp(S)
p = maxS⊆P,|S|=k

1
c

∑c
ℓ=1 (uℓ(S) + η)p.

The proof here is similar to that of Theorem 2.1. Let kℓ = |Alg ∩ Dℓ| for all ℓ ∈ [c].

Further, let Opt ∈ argmaxS⊆P,|S|=k
1
c

∑c
ℓ=1 (uℓ(S) + η)p and k∗

ℓ = |Opt ∩ Dℓ| for all ℓ ∈ [c],

where Opt is chosen such that
∑c

ℓ=1|k∗
ℓ − kℓ| is minimized.

We will prove that Opt satisfies k∗
ℓ = kℓ for each ℓ ∈ [c]. This guarantee, along with Lemma

2.6, implies that, as desired, Alg is a p-mean welfare optimal solution.

Assume, towards a contradiction, that k∗
ℓ ̸= kℓ for some ℓ ∈ [c]. Since |Opt| = |Alg| = k,

there exist attributes x, y ∈ [c] with the property that

k∗
x < kx and k∗

y > ky (2.14)

Recall that via Lemma 2.4, we have for any pair of indices 1 ≤ i′ < i ≤ k,

Fℓ(i
′)− Fℓ(i

′ − 1) ≥ Fℓ(i)− Fℓ(i− 1) (2.15)

Next, note that for any attribute ℓ ∈ [c], if Algorithm 3, at any point during its execution,

has included k′
ℓ vectors of attribute ℓ in Alg, then at that point the maintained utility wℓ =∑k′ℓ

j=1 σ(q, v
ℓ
(j)). Hence, at the beginning of any iteration of the algorithm, if the k′

ℓ denotes the

number of selected vectors of each attribute ℓ ∈ [c], then the marginals considered in Line 6 are

Fℓ (k
′
ℓ + 1) − Fℓ (k

′
ℓ). These observations and the selection criterion in Line 6 of the algorithm

give us the following inequality for the counts kx = |Alg ∩ Dx| and ky = |Alg ∩ Dy| of the
returned solution Alg:

Fx(kx)− Fx(kx − 1) ≥ Fy(ky + 1)− Fy(ky) (2.16)

Specifically, equation (2.16) follows by considering the iteration in which kth
x (last) vector of

attribute x was selected by the algorithm. Before that iteration the algorithm had selected

(kx − 1) vectors of attribute x, and let k′
y denote the number of vectors with attribute y that

have been selected till that point. Note that k′
y ≤ ky. The fact that the kth

x vector was

(greedily) selected in Line 6, instead of including an additional vector of attribute y, gives

Fx(kx)−Fx(kx−1) ≥ Fy(k
′
y+1)−Fy(k

′
y) ≥ Fy(ky+1)−Fy(ky); here, the last inequality follows
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from equation (2.15). Hence, equation (2.16) holds.

Moreover,

Fx(k
∗
x + 1)− Fx(k

∗
x) ≥ Fx(kx)− Fx(kx − 1) (via eqns. (2.14) and (2.15))

≥ Fy(ky + 1)− Fy(ky) (via eqn. (2.16))

≥ Fy(k
∗
y)− Fy(k

∗
y − 1) (2.17)

The last inequality follows from equations (2.14) and (2.15).

Recall that vℓ(i) denotes the ith most similar (to q) vector in the set D̂ℓ. The definition

of D̂ℓ ensures that vℓ(i) is, in fact, the ith most similar (to q) vector among the ones that

have attribute ℓ, i.e., ith most similar in all of Dℓ. Since Opt is an optimal solution, the

k∗
ℓ = |Opt ∩Dℓ| vectors of attribute ℓ in Opt are the most similar k∗

ℓ vectors from Dℓ. That

is, Opt ∩Dℓ =
{
vℓ(1), . . . , v

ℓ
(k∗ℓ )

}
, for each ℓ ∈ [c]. This observation and the definition of Fℓ(·)

imply that the p-th power of Opt’s p-mean welfare satisfies

Mp(Opt)p =
1

c

c∑
ℓ=1

Fℓ(k
∗
ℓ ). (2.18)

Now, consider a subset of vectors S obtained fromOpt by including vector vx(k∗x+1) and removing

vy(k∗y), i.e., S =
(
Opt ∪

{
vx(k∗x+1)

})
\
{
vy(k∗y)

}
. Note that

Mp(S)
p −Mp(Opt)p =

1

c

(
Fx(k

∗
x + 1)− Fx(k

∗
x)
)
+

1

c

(
Fy(k

∗
y − 1)− Fy(k

∗
y)
)

≥ 0 (via eqn. (2.17))

Hence, Mp(S) ≥ Mp(Opt). Given that Opt is a p-mean welfare optimal solution, the last

inequality must hold with equality, Mp(S) = Mp(Opt), i.e., S is an optimal solution as well.

This, however, contradicts the choice of Opt as an optimal solution that minimizes
∑c

ℓ=1 |k∗
ℓ −

kℓ| – note that
∑c

ℓ=1

∣∣∣k̂ℓ − kℓ

∣∣∣ <∑c
ℓ=1 |k∗

ℓ − kℓ|, where k̂ℓ := |S ∩Dℓ|.
Therefore, by way of contradiction, we obtain that |Opt ∩ Dℓ| = |Alg ∩ Dℓ| for each

ℓ ∈ [c]. As mentioned previously, this guarantee, along with Lemma 2.6, implies that Alg is a

p-mean welfare optimal solution. This completes the proof of the theorem for the case p ∈ (0, 1].

Case 2: p < 0. The arguments here are similar to the ones used in the previous case. However,

since the exponent parameter p is negative, the key inequalities are reversed. For completeness,

we present the proof below.
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Note that, with the p < 0, the map x 7→ xp is a decreasing function for x ≥ 0. Hence, the

optimization problem maxS⊆P,|S|=k Mp(S) is equivalent to

min
S⊆P,|S|=k

Mp(S)
p = min

S⊆P,|S|=k

1

c

c∑
ℓ=1

(uℓ(S) + η)p .

Let kℓ = |Alg ∩Dℓ| for all ℓ ∈ [c]. Further, let Opt ∈ argminS⊆P,|S|=k
1
c

∑c
ℓ=1 (uℓ(S) + η)p

and k∗
ℓ = |Opt∩Dℓ| for all ℓ ∈ [c], where Opt is chosen such that

∑c
ℓ=1|k∗

ℓ − kℓ| is minimized.

We will prove that Opt satisfies k∗
ℓ = kℓ for each ℓ ∈ [c]. This guarantee, along with Lemma

2.6, implies that, as desired, Alg is a p-mean welfare optimal solution.

Assume, towards a contradiction, that k∗
ℓ ̸= kℓ for some ℓ ∈ [c]. Since |Opt| = |Alg| = k,

there exist attributes x, y ∈ [c] with the property that

k∗
x < kx and k∗

y > ky (2.19)

Recall that via Lemma 2.5, we have for any pair of indices 1 ≤ i′ < i ≤ k,

Fℓ(i
′)− Fℓ(i

′ − 1) ≤ Fℓ(i)− Fℓ(i− 1) (2.20)

Next, note that for any attribute ℓ ∈ [c], if Algorithm 3, at any point during its execution,

has included k′
ℓ vectors of attribute ℓ in Alg, then at that point the maintained utility wℓ =∑k′ℓ

j=1 σ(q, v
ℓ
(j)). Hence, at the beginning of any iteration of the algorithm, if the k′

ℓ denotes the

number of selected vectors of each attribute ℓ ∈ [c], then the marginals considered in Line 8 are

Fℓ (k
′
ℓ + 1) − Fℓ (k

′
ℓ). These observations and the selection criterion in Line 8 of the algorithm

give us the following inequality for the counts kx = |Alg ∩ Dx| and ky = |Alg ∩ Dy| of the
returned solution Alg:

Fx(kx)− Fx(kx − 1) ≤ Fy(ky + 1)− Fy(ky) (2.21)

Specifically, equation (2.21) follows by considering the iteration in which kth
x (last) vector of

attribute x was selected by the algorithm. Before that iteration the algorithm had selected

(kx − 1) vectors of attribute x, and let k′
y denote the number of vectors with attribute y that

have been selected till that point. Note that k′
y ≤ ky. The fact that the kth

x vector was

(greedily) selected in Line 8, instead of including an additional vector of attribute y, gives

Fx(kx)−Fx(kx−1) ≤ Fy(k
′
y+1)−Fy(k

′
y) ≤ Fy(ky+1)−Fy(ky); here, the last inequality follows

from equation (2.20). Hence, equation (2.21) holds.
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Moreover,

Fx(k
∗
x + 1)− Fx(k

∗
x) ≤ Fx(kx)− Fx(kx − 1) (via eqns. (2.19) and (2.20))

≤ Fy(ky + 1)− Fy(ky) (via eqn. (2.21))

≤ Fy(k
∗
y)− Fy(k

∗
y − 1) (2.22)

The last inequality follows from equations (2.19) and (2.20).

Recall that vℓ(i) denotes the ith most similar (to q) vector in the set D̂ℓ. The definition

of D̂ℓ ensures that vℓ(i) is, in fact, the ith most similar (to q) vector among the ones that

have attribute ℓ, i.e., ith most similar in all of Dℓ. Since Opt is an optimal solution, the

k∗
ℓ = |Opt ∩Dℓ| vectors of attribute ℓ in Opt are the most similar k∗

ℓ vectors from Dℓ. That

is, Opt ∩Dℓ =
{
vℓ(1), . . . , v

ℓ
(k∗ℓ )

}
, for each ℓ ∈ [c]. This observation and the definition of Fℓ(·)

imply that the p-th power of Opt’s p-mean welfare satisfies

Mp(Opt)p =
1

c

c∑
ℓ=1

Fℓ(k
∗
ℓ ). (2.23)

Now, consider a subset of vectors S obtained fromOpt by including vector vx(k∗x+1) and removing

vy(k∗y), i.e., S =
(
Opt ∪

{
vx(k∗x+1)

})
\
{
vy(k∗y)

}
. Note that

Mp(S)
p −Mp(Opt)p =

1

c

(
Fx(k

∗
x + 1)− Fx(k

∗
x)
)
+

1

c

(
Fy(k

∗
y − 1)− Fy(k

∗
y)
)

≤ 0 (via eqn. (2.22))

Hence, Mp(S) ≥ Mp(Opt). Given that Opt is a p-mean welfare optimal solution, the last

inequality must hold with equality, Mp(S) = Mp(Opt), i.e., S is an optimal solution as well.

This, however, contradicts the choice of Opt as an optimal solution that minimizes
∑c

ℓ=1 |k∗
ℓ −

kℓ| – note that
∑c

ℓ=1

∣∣∣k̂ℓ − kℓ

∣∣∣ <∑c
ℓ=1 |k∗

ℓ − kℓ|, where k̂ℓ := |S ∩Dℓ|.
Therefore, by way of contradiction, we obtain that |Opt∩Dℓ| = |Alg∩Dℓ| for each ℓ ∈ [c].

As mentioned previously, this guarantee, along with Lemma 2.6, implies that Alg is a p-mean

welfare optimal solution. This completes the proof of the theorem for the case p < 0.

Combining the two cases, we have that the theorem holds for all p ∈ (−∞, 1] \ {0}. 2

Corollary 2.2 In the single-attribute setting, given any query q ∈ Rd and an α-approximate

oracle ANN for k most similar vectors from any set, Algorithm 3 (p-mean-ANN) returns an α-

approximate solution for p-NNS, i.e., it returns a size-k subset Alg ⊆ P with Mp(Alg) ≥
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αmaxS⊆P : |S|=k Mp(S). The algorithm runs in time O(kc) +
c∑

ℓ=1

ANN(Dℓ, q), with ANN(Dℓ, q)

being the time required by the approximate oracle to find k similar vectors to q in Dℓ.

Proof: The running time of the algorithm follows via an argument similar to one used in the

proof of Theorem 2.4. Hence, we only argue correctness here.

For every ℓ ∈ [c], let the α-approximate oracle return D̂ℓ. Recall that vℓ(i), i ∈ [k], denotes

the ith most similar point to q in the set D̂ℓ. Further, for every ℓ ∈ [c], let D∗
ℓ be the set of k

most similar points to q within Dℓ and, for each i ∈ [k], define v∗ℓ(i) to be the ith most similar

point to q in D∗
ℓ . Recall that by the guarantee of the α-approximate NNS oracle, we have

σ(q, vℓ(i)) ≥ α σ(q, v∗ℓ(i)) for each i ∈ [k]. Let Opt be an optimal solution to the p-NNS problem.

Note that, for each attribute ℓin[c], the optimal solution Opt contains in it the k∗
ℓ most similar

vectors with attribute ℓ.

Finally, let Ôpt be the optimal solution to the p-NNS problem when the set of vectors to

search over is P = ∪ℓ∈[c]D̂ℓ.

By arguments similar to the ones used in the proof of Theorem 2.4, we have Mp(Alg) =

Mp(Ôpt). Therefore

Mp(Alg) = Mp(Ôpt)

≥

1

c

∑
ℓ∈[c]

 k∗ℓ∑
i=1

σ(q, vℓ(i)) + η

p
1
p

(∪ℓ∈[c]:k∗ℓ≥1{vℓ(1), . . . , vℓ(k∗ℓ )} is a feasible solution)

≥

1

c

∑
ℓ∈[c]

 k∗ℓ∑
i=1

ασ(q, v∗ℓ(i)) + η

p
1
p

(by α-approximate guarantee of the oracle, and Mp is increasing in its argument; k∗
ℓ ≤ k)

≥

1

c

∑
ℓ∈[c]

αp

 k∗ℓ∑
i=1

σ(q, v∗ℓ(i)) + η

p
1
p

(α ∈ (0, 1))

= α Mp(Opt) (definition of Opt)

The corollary stands proved. 2
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2.7 Further Experimental Evaluation and Analysis

In this section, we present additional experimental results to further validate the performance

of Nash-ANN and compare it with existing methods. The details of the evaluation metrics

and the description of the datasets used in our study are already presented in Section 2.4.

Here, we report results for the single-attribute setting (Section 2.7.1), where we compare the

approximation ratio alongside all diversity metrics for k = 10 and k = 50. We also include

recall values for both k = 10 and k = 50 (Section 2.7.1.5). The key observation in all these

plots is that the NSW objective effectively strikes a balance between relevance and diversity

without having to specify any ad hoc constraints. Furthermore, we report experimental results

for the multi-attribute setting on both a synthetic dataset (Sift1m) and a real-world dataset

(ArXiv). Finally, we experimentally validate the performance-efficiency trade-offs of a faster

heuristic variant of p-mean-ANN (detailed in Appendix 2.4.5) that can be used in addition to

any existing (standard) ANN algorithm.

2.7.1 Balancing Relevance and Diversity: Single-attribute Setting

In this experiment, we evaluate how well p-mean-ANN (and the special case of p = 0, Nash-ANN)

balances relevance and diversity in the single-attribute setting. We begin by examining the

tradeoff between approximation ratio and entropy achieved by our algorithms on additional

datasets beyond those used in the preceding sections. Moreover, we also report results for other

diversity metrics such as the inverse Simpson index (Section 2.7.1.3) and the number of distinct

attributes appearing in the k neighbors (Section 2.7.1.4) retrieved by our algorithms. These

experiments corroborate the findings in the main paper, namely, Nash-ANN and p-mean-ANN

are able to strike a balance between relevance and diversity whereas ANN only optimizes for

relevance (hence low diversity) and Div-ANN only optimizes for diversity (hence low relevance).

2.7.1.1 Performance of Nash-ANN

We report the results for different datasets in Figures 2.5, 2.6, 2.7, and 2.8. On the Sift1m-(Clus)

dataset (Figure 2.5), Nash-ANN achieves entropy close to that of the most diverse solution

(Div-ANN with k′ = 1) in both k = 10 and k = 50 cases. Moreover, Nash-ANN achieves sig-

nificantly higher approximation ratio than Div-ANN in both k = 10 and k = 50 cases when

k′ = 1. For k = 10 case, Nash-ANN Pareto dominates Div-ANN even with the relaxed constraint

of k′ = 5 for k = 10. When the number of required neighbors is increased to k = 50, no

other method Pareto dominates Nash-ANN. Similar observations hold for the Sift1m-(Prob)

(Figure 2.6) and Deep1b-(Prob) (Figure 2.7) datasets. In the results on the ArXiv dataset

(Figure 2.8) with k = 10, we observe that Div-ANN already achieves a high approximation
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Figure 2.5: The plots show approximation ratio versus entropy trade-offs for various algorithms
for k = 10 (Left) and k = 50 (Right) in single-attribute setting on Sift1m-(Clus) dataset.

Figure 2.6: The plots show approximation ratio versus entropy trade-offs for various algorithms
for k = 10 (Left) and k = 50 (Right) in single-attribute setting on Sift1m-(Prob) dataset.

ratio. However, Nash-ANN matches the entropy of Div-ANN with k′ = 1 while improving on

the approximation ratio. For k = 50, Nash-ANN nearly matches the entropy of Div-ANN with

k′ = 1, 2 whereas it significantly improves on the approximation ratio. In summary, the exper-

imental results clearly demonstrate the ability of Nash-ANN to adapt to the varying nature of

queries and consistently strike a balance between relevance and diversity.

2.7.1.2 Performance of p-mean-ANN

In this set of experiments, we study the effect on trade-off between approximation ratio and

entropy when the parameter p in the p-NNS objective is varied over a range. Recall that the
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Figure 2.7: The plots show approximation ratio versus entropy trade-offs for various algorithms
for k = 10 (Left) and k = 50 (Right) in single-attribute setting on Deep1b-(Prob) dataset.

Figure 2.8: The plots show approximation ratio versus entropy trade-offs for various algorithms
for k = 10 (Left) and k = 50 (Right) in single-attribute setting on ArXiv dataset.

p-NNS problem with p → 0 corresponds to the NaNNS problem, and with p = 1, corresponds

to the NNS problem. We experiment with values of p ∈ {−10,−1,−0.5, 0, 0.5, 1} by running

our algorithm p-mean-ANN (Algorithm 3) on the various datasets. The results are shown in

Figures 2.9, 2.10, 2.11, and 2.12. We observe across all datasets for both k = 10 and k = 50

that, as p decreases from 1, the entropy increases but the approximation ratio decreases. This

highlights the key intuition that as p decreases, the behavior changes from utilitarian welfare

(p = 1 aligns exactly with ANN) to egalitarian welfare (more attribute-diverse). In other words,

the parameter p allows us to smoothly interpolate between complete relevance (the standard

NNS with p = 1) and complete diversity (p→ −∞).
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Figure 2.9: The plots report the approximation ratio versus entropy trade-off of p-mean-ANN,
as p varies, for k = 10 (Left) and k = 50 (Right) on Sift1m-(Clus) dataset in the single-
attribute setting.

Figure 2.10: The plots report the approximation ratio versus entropy trade-off of p-mean-ANN,
as p varies, for k = 10 (Left) and k = 50 (Right) on Sift1m-(Prob) dataset in single-attribute
setting. We omit points corresponding to p ∈ {−1,−0.5, 0.5} since they were extremely close
to the points p = −10 or p = 0.

2.7.1.3 Approximation Ratio Versus Inverse Simpson Index

We also report results (Figures 2.13, 2.14, 2.15 and 2.16) on approximation ratio versus inverse

Simpson index for all the aforementioned datasets, comparing Nash-ANN with Div-ANN with

various choices of constraint parameter k′. The trends are similar to those for approximation

ratio versus entropy.
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Figure 2.11: The plots report the approximation ratio versus entropy trade-off of p-mean-ANN,
as p varies, for k = 10 (Left) and k = 50 (Right) on Deep1b-(Prob) dataset in single-attribute
setting. For k = 50, we omit points corresponding to p ∈ {−1,−0.5, 0, 0.5} since they were
extremely close to the point p = −10. Due to the same reasons, we omit p ∈ {−1,−0.5} for k
= 10.

Figure 2.12: The plots report the approximation ratio versus entropy trade-off of p-mean-ANN,
as p varies, for k = 10 (Left) and k = 50 (Right) on ArXiv dataset in single-attribute setting.
For k = 50, we omit points corresponding to p ∈ {−1,−0.5, 0, 0.5} since they were extremely
close to the points p = −10. Due to similar reasons we omit p ∈ {−1,−0.5, 0.5} for k = 10.

2.7.1.4 Approximation Ratio Versus Distinct Attribute Count

We also report the number of distinct attributes appearing in the set of vectors returned by

different algorithms. Note that Div-ANN by design always returns a set where the number of

distinct attributes is at least (k/k′). We plot approximation ratio versus number of distinct
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Figure 2.13: The plots show approximation ratio versus inverse Simpson index trade-offs
for various algorithms for k = 10 (Left) and k = 50 (Right) in single-attribute setting on
Sift1m-(Clus) dataset.

Figure 2.14: The plots show approximation ratio versus inverse Simpson index trade-offs
for various algorithms for k = 10 (Left) and k = 50 (Right) in single-attribute setting on
Sift1m-(Prob) dataset.

attributes and the results are shown in Figures 2.17, 2.18, 2.19, and 2.20. The results show that

while Div-ANN with k′ = 1 has high number of distinct attributes (by design), its approximation

ratio is quite low. On the other hand, Nash-ANN has almost equal or slightly lower number of

distinct attributes but achieves very high approximation ratio.

2.7.1.5 Recall Versus Entropy

We also report results for another popular relevance metric in the nearest neighbor search

literature, namely, recall. The results for different datasets are shown in Figures 2.21, 2.22,
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Figure 2.15: The plots show approximation ratio versus inverse Simpson index trade-offs
for various algorithms for k = 10 (Left) and k = 50 (Right) in single-attribute setting on
Deep1b-(Prob) dataset.

Figure 2.16: The plots show approximation ratio versus inverse Simpson index trade-offs for
various algorithms for k = 10 (Left) and k = 50 (Right) in single-attribute setting on ArXiv

dataset.

2.23, 2.24, 2.25, and 2.26.

Note that as discussed earlier (Section 2.4.1, Remark 3), recall can be a fragile metric when

the goal is to balance between diversity and relevance. However, we still report recall to be

consistent with prior literature and to demonstrate that Nash-ANN does not perform poorly.

In fact, it is evident from the plots that Nash-ANN’s recall value (relevance) surpasses that of

Div-ANN with k′ = 1 (most attribute diverse solution) while achieving a similar entropy. As

already noted, the approximation ratio for Nash-ANN remains sufficiently high, indicating that
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Figure 2.17: The plots show approximation ratio versus distinct counts trade-offs for various
algorithms for k = 10 (Left) and k = 50 (Right) in single-attribute setting on Sift1m-(Clus)

dataset.

Figure 2.18: The plots show approximation ratio versus distinct counts trade-offs for various
algorithms for k = 10 (Left) and k = 50 (Right) in single-attribute setting on Sift1m-(Prob)

dataset.

the retrieved set of neighbors lies within a reasonably good neighborhood of the true nearest

neighbors of a given query.

2.7.2 Balancing Relevance and Diversity: Multi-attribute Setting

Recall that our welfarist formulation seamlessly extends to the multi-attribute setting. In Sec-

tion 2.4, we discussed the performance of Multi Nash-ANN and Multi Div-ANN on Sift1m-(Clus),

where each input vector was associated with four attributes. In this section, we repeat the same

set of experiments on one of the real-world datasets, namely ArXiv, which naturally contains
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Figure 2.19: The plots show approximation ratio versus distinct counts trade-offs for various
algorithms for k = 10 (Left) and k = 50 (Right) in single-attribute setting on Deep1b-(Prob)

dataset.

Figure 2.20: The plots show approximation ratio versus distinct counts trade-offs for various
algorithms for k = 10 (Left) and k = 50 (Right) in single-attribute setting on ArXiv dataset.

two attribute classes (m = 2; see Section 2.4.1, Diversity Metrics): update year (|C1| = 14)

and paper category (|C2| = 16). Therefore, c = |C1| + |C2| = 30. The results for k = 50

are presented in Figure 2.27. Note that, in each plot, we restrict the entropy to one of the

attribute classes (C1 or C2) so that the diversity within a class can be understood from these

plots. The results indicate that Multi Nash-ANN achieves an approximation ratio very close to

one while maintaining entropy levels comparable to Multi Div-ANN with k′ = 1 or 2 for both

the attribute classes. In fact, Multi Nash-ANN Pareto dominates Multi Div-ANN with k′ = 5.

We also study the effect of varying p in p-NNS problem in the multi-attribute setting. The
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Figure 2.21: The plots show recall versus entropy trade-offs for k = 10 (Left) and k = 50
(Right) in the single-attribute setting on Amazon dataset.

Figure 2.22: The plots show recall versus entropy trade-offs for k = 10 (Left) and k = 50
(Right) in the single-attribute setting on Deep1b-(Clus) dataset.

results for performance of Multi p-mean-ANN (an analogue of Multi Nash-ANN, detailed in

Section 2.4.3) for p ∈ {−10,−1,−0.5, 0, 0.5, 1} are shown in Figures 2.28 and 2.29. Interestingly,

we observe that with decreasing p, the entropy (across C1 or C2) increases but the approximation

ratio remains nearly the same and very close to 1. On the other hand, Multi Div-ANN with

k′ = 1 has very low approximation ratio. In fact, Multi p-mean-ANN with p = −1 and −10
Pareto dominates Multi Div-ANN with k′ = 1.
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Figure 2.23: The plots show recall versus entropy trade-offs for k = 10 (Left) and k = 50
(Right) in the single-attribute setting on Sift1m-(Clus) dataset.

Figure 2.24: The plots show recall versus entropy trade-offs for k = 10 (Left) and k = 50
(Right) in the single-attribute setting on Sift1m-(Prob) dataset.

2.7.3 More Experiments for p-FetchUnion-ANN

In this section, we empirically study a faster heuristic algorithm for NSW and p-mean welfare

formulations. Specifically, the heuristic—called p-FetchUnion-ANN—first fetches a sufficiently

large candidate set of vectors (irrespective of their attributes) using the ANN algorithm. Then,

it applies the Nash (or p-mean) selection (similar to Line 5 in Algorithm 1 or Lines 6-8 in Al-

gorithm 3) within this set. That is, instead of starting out with k neighbors for each ℓ ∈ [c] (as

in Line 1 of Algorithm 1), the alternative here is to work with sufficiently many neighbors from

the set ∪cℓ=1Dℓ.

58



Figure 2.25: The plots show recall versus entropy trade-offs for k = 10 (Left) and k = 50
(Right) in the single-attribute setting on Deep1b-(Prob) dataset.

Figure 2.26: The plots show recall versus entropy trade-offs for k = 10 (Left) and k = 50
(Right) in the single-attribute setting on ArXiv dataset.

We empirically show (in Tables 2.4 to 2.8) that this heuristic consistently achieves per-

formance comparable to p-Mean-ANN across nearly all datasets and evaluation metrics. Since

p-FetchUnion-ANN starts with a large pool of vectors (with high similarity to the query) re-

trieved by the ANN algorithm without diversity considerations, it achieves improved approxima-

tion ratio over p-Mean-ANN. This trend is clearly evident in two datasets, namely Deep1b-(Clus)

and Sift1m-(Clus). However, the improvement in approximation ratio comes at the cost of

reduced entropy, which can be explained by the fact that in restricting its search to an ini-

tially fetched large pool of vectors, p-FetchUnion-ANN may miss out on a more diverse so-

lution that exists over the entire dataset. Another important aspect of p-FetchUnion-ANN
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Figure 2.27: The plots show approximation ratio versus entropy trade-offs for various algorithms
on ArXiv dataset across attribute classes C1 (Left) and C2 (Right) in the multi-attribute
setting for k = 50.

Figure 2.28: The plots show approximation ratio versus entropy trade-offs for p-mean-ANN, as
p varies, for k = 50 across attribute classes C1 (Left) and C2 (Right) in the multi-attribute
setting on ArXiv dataset.

is that, because it retrieves all neighbors from the union at once, the heuristic delivers sub-

stantially higher throughput (measured as queries answered per second, QPS) and therefore

lower latency. The results validating these findings are reported in Tables 2.3 and 2.9 for the

Sift1m-(Clus) and Amazon datasets, respectively. In particular, it serves almost 10× more

queries on Sift1m-(Clus) and 3× more queries on Amazon dataset. The latency values exhibit

a similar trend with reductions of similar magnitude. In summary, these observations position
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Figure 2.29: Top Row: The plots show approximation ratio versus entropy trade-offs for
Nash-ANN against Div-ANN with varying values of k′ for attribute class C3 (left) and C4 (right).
Bottom Row: The plots show approximation ratio versus entropy trade-offs for p-mean-ANN,
as p varies, across attribute classes C3 (left) and C4 (right). Both the rows correspond to
k = 50 on Sift1m-(Clus) dataset in the multi-attribute setting.

the heuristic as a notably fast method for NaNNS and p-NNS, particularly when c is large.

2.8 Conclusion

In this chapter, we formulated diversity in neighbor search with a welfarist perspective, using

Nash social welfare (NSW) and p-mean welfare as the underlying objectives. Our NSW formu-

lation balances diversity and relevance in a query-dependent manner, satisfies several desirable

axiomatic properties, and is naturally applicable in both single-attribute and multi-attribute

settings. With these properties, our formulation overcomes key limitations of the prior hard-
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Table 2.4: Comparison of relevance and diversity of p-mean-ANN, p-FetchUnion-ANN across
different values of p against ANN and Div-ANN (k′ = 1) for Amazon at k = 50.

Metric Algorithm p = −10 p = −1 p = −0.5 p = 0 p = 0.5 p = 1

Approx. Ratio

p-Mean-ANN 0.865±0.045 0.909±0.029 0.922±0.027 0.938±0.023 0.961±0.018 1.000±0.000
p-FetchUnion-ANN 0.907±0.033 0.912±0.030 0.921±0.027 0.935±0.024 0.958±0.019 1.000±0.000
ANN 1.000±0.000
Div-ANN (k′=1) 0.813±0.053

Entropy

p-Mean-ANN 5.644±0.000 5.382±0.135 5.252±0.153 5.058±0.178 4.687±0.227 2.782±0.684
p-FetchUnion-ANN 5.364±0.156 5.333±0.149 5.261±0.150 5.099±0.171 4.736±0.221 2.782±0.684
ANN 2.782±0.684
Div-ANN (k′=1) 5.594±0.049

Metric Algorithm p = −10 p = −1 p = −0.5 p = 0 p = 0.5 p = 1

Approx. Ratio

p-Mean-ANN 0.985±0.010 0.985±0.010 0.985±0.010 0.986±0.009 0.989±0.008 1.000±0.001
p-FetchUnion-ANN 0.989±0.007 0.989±0.007 0.989±0.007 0.990±0.006 0.991±0.006 1.000±0.001
ANN 1.000±0.001
Div-ANN (k′=1) 0.293±0.007

Entropy

p-Mean-ANN 3.793±0.002 3.793±0.002 3.793±0.002 3.793±0.002 3.793±0.002 2.790±0.510
p-FetchUnion-ANN 3.704±0.167 3.704±0.166 3.704±0.166 3.704±0.166 3.704±0.166 2.790±0.510
ANN 2.790±0.510
Div-ANN (k′=1) 3.799±0.029

Table 2.5: Comparison of relevance and diversity of p-mean-ANN, p-FetchUnion-ANN across
different values of p against ANN and Div-ANN (k′ = 1) for ArXiv at k = 50.

constrained approach [3]. Furthermore, the more general p-mean welfare interpolates between

complete relevance (p = 1) and complete diversity (p = −∞), offering practitioners a tunable

parameter for real-world needs. Our formulations also admit provable and practical algorithms

suited for low-latency scenarios. Experiments on real-world and semi-synthetic datasets validate

their effectiveness in balancing diversity and relevance against existing baselines.

An important direction for future work is the design of sublinear-time approximation algo-

rithms, in both single- and multi-attribute settings, that directly optimize our welfare objectives

as part of ANN algorithms, thereby further improving efficiency. Another promising avenue is

to extend welfare-based diversity objectives to settings without explicit attributes.
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Metric Algorithm p = −10 p = −1 p = −0.5 p = 0 p = 0.5 p = 1

Approx. Ratio

p-Mean-ANN 0.784±0.071 0.815±0.065 0.831±0.063 0.858±0.060 0.904±0.049 1.000±0.000
p-FetchUnion-ANN 0.958±0.033 0.961±0.030 0.962±0.029 0.963±0.028 0.968±0.024 1.000±0.000
ANN 1.000±0.000
Div-ANN (k′=1) 0.286±0.041

Entropy

p-Mean-ANN 4.293±0.000 4.200±0.052 4.105±0.091 3.887±0.155 3.349±0.267 0.746±0.717
p-FetchUnion-ANN 2.101±1.214 2.101±1.214 2.099±1.212 2.095±1.207 2.068±1.179 0.746±0.717
ANN 0.746±0.717
Div-ANN (k′=1) 4.191±0.234

Table 2.6: Comparison of relevance and diversity of p-mean-ANN, p-FetchUnion-ANN across
different values of p against ANN and Div-ANN (k′ = 1) for Deep1b-(Clus) at k = 50.

Metric Algorithm p = −10 p = −1 p = −0.5 p = 0 p = 0.5 p = 1

Approx. Ratio

p-Mean-ANN 0.958±0.019 0.960±0.017 0.961±0.016 0.963±0.014 0.969±0.010 1.000±0.000
p-FetchUnion-ANN 0.958±0.019 0.960±0.017 0.961±0.016 0.963±0.014 0.969±0.010 1.000±0.000
ANN 1.000±0.000
Div-ANN (k′=1) 0.395±0.010

Entropy

p-Mean-ANN 4.293±0.000 4.292±0.005 4.288±0.010 4.275±0.020 4.217±0.068 2.070±0.208
p-FetchUnion-ANN 4.293±0.001 4.292±0.005 4.288±0.010 4.275±0.020 4.217±0.068 2.070±0.207
ANN 2.070±0.207
Div-ANN (k′=1) 4.322±0.002

Table 2.7: Comparison of relevance and diversity of p-mean-ANN, p-FetchUnion-ANN across
different values of p against ANN and Div-ANN (k′ = 1) for Deep1b-(Prob) at k = 50.

Metric Algorithm p = −10 p = −1 p = −0.5 p = 0 p = 0.5 p = 1

Approx. Ratio

p-Mean-ANN 0.975±0.010 0.977±0.008 0.979±0.008 0.980±0.008 0.982±0.006 1.000±0.000
p-FetchUnion-ANN 0.975±0.010 0.977±0.008 0.979±0.008 0.980±0.008 0.982±0.006 1.000±0.000
ANN 1.000±0.000
Div-ANN (k′=1) 0.404±0.004

Entropy

p-Mean-ANN 4.292±0.006 4.292±0.003 4.293±0.002 4.293±0.002 4.269±0.020 2.068±0.205
p-FetchUnion-ANN 4.292±0.006 4.292±0.003 4.293±0.002 4.293±0.003 4.269±0.020 2.068±0.205
ANN 2.068±0.205
Div-ANN (k′=1) 4.322±0.005

Table 2.8: Comparison of relevance and diversity of p-mean-ANN, p-FetchUnion-ANN across
different values of p against ANN and Div-ANN (k′ = 1) for Sift1m-(Prob) at k = 50.
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Metric Algorithm p = −10 p = −1 p = −0.5 p = 0 p = 0.5 p = 1

Query per Second
p-Mean-ANN 198.08 195.97 199.08 179.03 171.22 189.31

p-FetchUnion-ANN 620.27 610.62 551.02 608.76 572.57 591.76

Latency (µs)
p-Mean-ANN 161385.00 163121.00 160503.00 178555.00 186780.00 168856.00

p-FetchUnion-ANN 51539.90 52362.30 58028.60 52521.60 55843.70 54030.80

99.9th percentile of Latency
p-Mean-ANN 433434.00 407151.00 418147.00 421725.00 475474.00 404477.00

p-FetchUnion-ANN 146632.00 144989.00 145620.00 145657.00 143627.00 146464.00

Table 2.9: Comparison of Queries per second and Latency of p-mean-ANN, p-FetchUnion-ANN
across different values of p against ANN and Div-ANN (k′ = 1) for Amazon dataset for k = 50.
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Chapter 3

Active Learning for Sample Efficient

RLHF

3.1 Problem Setup

We have a set of contexts X and a set of possible actions per contextA. To learn using preference

feedback, the agent selects x ∈ X and a, a′ ∈ A to present to a human labeller, who then reveals

a binary preference y that takes value 1 if a wins over a′ and 0 otherwise. We assume that given

(x, a, a′), y is sampled from the Bradley-Terry-Luce (BTL) preference model [17, 58] with r∗ as

the latent (unknown) reward function, i.e.,

P [y=1|x, a, a′; r∗] = exp(r∗(x, a))

exp(r∗(x, a)) + exp(r∗(x, a′))
,

The goal of the agent is to first learn r∗ over T rounds of sequential interaction with the labeller,

collecting dataset D = (xs, as, a
′
s, ys)

T
s=1, and then employ the learned reward to train a policy

π : X→ A, which will eventually fetch high latent rewards r∗(x, π(x)).

In this work, we consider linear latent rewards r∗(x, a) = ϕ(x, a)⊤θ∗, where θ∗ ∈ Rd is the

unknown reward parameter, and ϕ : X × A → Rd is some known and fixed feature map. For

instance, such a ϕ can be constructed by removing the last layer of a pre-trained language

model, and in that case, θ∗ corresponds to the weights of the last layer. With this model, for

any θ ∈ Rd, one can equivalently write the probability of sampling ys = 1 given (xs, as, a
′
s) as

P [ys=1|xs, as, a
′
s; θ] = σ

(
(ϕ(xs, as)−ϕ(xs, a

′
s))

⊤θ
)
= σ(z⊤s θ) ,

where σ(w)= 1
1+e−w is the sigmoid function and zs = ϕ(xs, as)−ϕ(xs, a

′
s) is the feature differenc
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of actions as and a′s for context xs. With this, the latent reward parameter θ∗ is typically

estimated by minimizing the binary cross entropy loss (log-loss) [72], which is equivalent to

maximum likelihood estimation (MLE). Specifically, At round t, the MLE of θ∗ is computed as

θ̂t = argminθ∈ΘLt(θ) using the preference dataset {(xs, as, a
′
s, ys)}t−1

s=1, where log-loss Lt(θ) is

given by

Lt(θ) = −
∑t−1

s=1
ys log(σ(z

⊤
s θ)) + (1− ys) log(1− σ(z⊤s θ)). (3.1)

The above optimization problem is convex if we let the constraint set Θ ⊂ Rd to be convex,

and hence can be solved using standard algorithms [37].

Performance Measure. Our goal is to learn a policy over the collected data D, which has

high rewards or, equivalently, low sub-optimality. Formally, the sub-optimality gap of a policy

πT trained on the dataset D is defined as

R(T )=maxx∈X maxa∈A {r∗(x, a)−r∗(x, πT (x))} . (3.2)

Here, our policy πT competes with the Condorcet winner for a given context – an action that

fetches a higher reward than all other actions. The sub-optimality gap is the worst possible

difference in rewards over the set of contexts. Prior work [67] competes against the Borda

winner – an action that fetches a higher reward on average than another randomly chosen

action – a weaker competitor (the Condorcet winner is also the Borda winner but not the other

way around).

Remark 4 To the best of our knowledge, common practical implementations of the RLHF

pipeline use the following method: (i) remove the top layer of the LLM and convert it into an

encoder, (ii) append a new linear layer on top of it, and (iii) output the logit score. Hence,

the linear reward assumption is not restrictive in the sense that we only train the linear layer,

keeping the encoder fixed. In practice, however, one needs to train the encoder, and hence, a

more general function class needs to be considered. To this end, we generalize this setup to

preference models with bounded class complexities, removing the need for explicit linear reward

models (see Section 3.3 and Appendix 3.7 for details).

3.2 Lower Bounds

We first illustrate the pitfall of a learner who samples contexts uniformly. We characterize such

a learner in preference-based learning/RLHF and then show that such a learner can suffer a

constant sub-optimality gap under budget constraints.
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Definition 3.1 (Uniform Learner) Say an algorithm Alg samples T contexts uniformly at

random from a set X and for each context xt, picks two actions at, a
′
t from a set A. For each

chosen triplet (xt, at, a
′
t), Alg queries the preference model parameterized by θ∗ and observes a

stochastic preference yt ∈ {0, 1} between the actions. Alg then solves an MLE on this data to

obtain θ̂, and learns a greedy policy with respect to θ̂. We call such an algorithm Alg a Uniform

Learner.

Theorem 3.1 (Lower bound for uniform context sampling) There exists a problem in-

stance (X,A, θ∗) for which the policy learnt by a Uniform Learner Alg under the budget T ≪ |X|
suffers Ω(1) sub-optimality gap with high probability.

Proof: We show the result for d = 2 for simplicity. The main idea is to divide the set of

contexts into two groups—good and bad. Further, every context has only two actions, a and a′.

The good group has a large number of contexts, so the uniform learner mostly samples contexts

from this group. For all context x in the good group, the feature difference ϕ(x, a)−ϕ(x, a′) = zg

is the same. For bad contexts, this feature difference is zb, such that ⟨zb, zg⟩ < 0. Finally, θ∗ is

taken as the angle-bisector of zg and zb. From this construction (see Fig. 3.1), we have that a

gets a higher reward for every context. Then, we show that the uniform learner only samples

context-actions corresponding to zg when the sample budget T is much smaller than the number

of contexts. Under this scenario, the MLE estimate of the uniform learner correctly classifies

the reward of a to be higher than that of a′ for all the good contexts, but it wrongly classifies

the rewards for the bad contexts. Thus, for bad contexts, the uniform learner suffers a constant

suboptimality gap. We now present the details below.

Let the number of contexts be |X| = N . Assume T ≪ N . Otherwise, if the sample budget

T > N , then one can just collect data for every context, and the setting becomes trivial.

We divide X into two disjoint subsets: a good set Xg and a bad set Xb. We assume w.l.o.g.

that |Xb| = 1, and we denote the bad context by b. Let the action set be A = {a, a′} for all

contexts, and let a have a higher reward than a′. Let ϕ : X × A → R2 be a feature map and

zx = ϕ(x, a)− ϕ(x, a′) be the feature difference vector at context x. Fix an α > 0 and consider

the problem instance:

θ∗ = α
[
1
2

√
3
2

]⊤
, zb =

[
−1

2

√
3
2

]⊤
, zx =

[
1 0

]⊤
, ∀ x ∈ Xg .

Note that ∥θ∗∥2 = α. From this construction (see Fig. 3.1), it is clear that both for good and

bad contexts, z⊤x θ
∗ = α/2 > 0, which implies that indeed action a has higher reward than a′.

Let E1 be the event that all the T sampled contexts are good (i.e., from Xg). Since, under
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zb

θ∗

θ̂
zg(0, 0)

Figure 3.1: Visualization of the instance for Theorem 3.1. Here, zg represents feature difference

vectors for good contexts, and zb represents feature difference for the bad context. θ∗ and θ̂ are the
true and learnt parameters respectively.

uniform sampling, for a random context X, P[X ∈ Xg] = 1−1/N , we have P[E1] = (1−1/N)T .

Let E2 be the event that all observed preferences y1, . . . yT are equal to 1. Since, for a random

preference Y given a context x, P[Y = 1|x] = σ(α/2), we have P[E2|E1] = σ(α/2)T .

Now, under the event E1 ∩ E2, the MLE θ̂ constrained to the same norm as θ∗ is given by

θ̂ = argmin
θ∈R2:∥θ∥2≤α

∑T

t=1
log
(
1 + e−αθ1

)
= argmin

θ∈R2:∥θ∥2≤α

log
(
1 + e−αθ1

)
.

It is easy to see that θ̂ =
[
α 0

]⊤
. For any x ∈ Xg, the predicted reward difference between

actions a and a′ is z⊤x θ̂ = α > 0. Thus, θ̂ predicts the better action a correctly for all good

contexts Xg. However, for context b, the reward difference is z⊤b θ̂ = −α
2
< 0. Thus, θ̂ wrongly

predicts a′ as the better action for the bad context b. This yields a constant sub-optimality gap

R(T, b) = ϕ(b, a)⊤θ∗ − ϕ(b, a′)⊤θ∗ = α/2 = Ω(1).

Finally, it remains to show that the event E1 ∩ E2 happens with high probability. To this end,

we choose α = 2 log(N − 1) which yields σ(α/2) = 1− 1/N . This yields

P[E1 ∩ E2] = P[E2|E1]P[E1] =
(
1− 1

N

)2T
≥ 1− 2T

N
.

The last step uses T ≪ N , which completes the proof. 2

Theorem 3.1 effectively shows that the uniform learner cannot make efficient use of the

sampling budget because its performance may not increase with an increasing budget. Now,

it is essential to characterize the limits of learning in this setting. To this end, we prove a

lower bound on the sub-optimality gap of any algorithm with no restriction on how contexts

and action pairs can be sampled. Note that standard regret lower bounds for dueling [78] and
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logistic bandits [1] are not applicable here because we bound the sub-optimality gap and not

regret.

Theorem 3.2 (Lower Bound for any sampling strategy) Let X be a finite set of con-

texts, Θ = {− 1√
T
, 1√

T
}d, A = {−1

2
, 1
2
}d. Then, for any algorithm, there exists a parameter

θ∗∈Θ such that sub-optimality gap of a policy learnt by the algorithm after collecting T samples

satisfies1

Eθ∗ [R(T )] ≥ Ω
(
d/
√
T
)

.

Proof: Let π be the policy learnt by any given sampling strategy. Without loss of generality,

fix a context x ∈ X and denote by πT (x) ∈ A the action predicted by the learned policy. For a

preference parameter θ, denote by Pθ the distribution over (x1, a1, a
′
1, y1, x2, . . . , xT , aT , a

′
T , yT ).

We also denote by DKL(P,Q) the KL-divergence between two probability distributions P and

Q. By Divergence Decomposition Lemma (Lemma 3.1), we have, for θ, θ′ ∈ Θ,

DKL(Pθ,Pθ′) ≤
1

8
Eθ

[
T∑
t=1

⟨at − a′t, θ − θ′⟩2
]

Note that for any x ∈ X and any two actions a, a′ ∈ A, (a− a′) ∈ [−1, 1]d. Now, we define the

event

Eθ,i = {sign(πT,i(x) ̸= sign(θi)} ,

where πT,i(x) and θi are the i-th coordinates of πT (x) and θ respectively. Further, let θ′ ∈ Θ be

such that θ′i = −θi and for j ̸= i, θ′j = θj. Note that Eθ′,i = Ec
θ,i. Thus, by Bretagnolle-Huber

Inequality (Lemma 3.2),

Pθ[Eθ,i] + Pθ′ [Eθ′,i] ≥
1

2
exp(−DKL(Pθ,Pθ′))

≥ 1

2
exp

(
−1

8
Eθ

[
T∑
t=1

⟨at − a′t, θ − θ′⟩2
])

≥ 1

2
exp

(
−1

8

T∑
t=1

4θ2i

)
=

1

2
exp(−1

2
) .

1Expectation is over the randomness of (x1, a1, a
′
1, y1, . . . , yT ) under hypothesis θ

∗.
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Now, since we have |Θ| = 2d,

∑
θ∈Θ

1

|Θ|

d∑
i=1

Pθ[Eθ,i] =
1

|Θ|

d∑
i=1

∑
θ∈Θ

pθ,i ≥
2d−1

2d
· d · 1

2
exp(−1

2
) =

d

4
exp(−1

2
) .

Hence, there exists a θ∗ ∈ Θ such that
∑d

i=1 Pθ∗ [Eθ∗,i] ≥ d
4
exp(−1

2
). Thus, the expected

suboptimality gap is lower bounded as

Eθ∗ [R(T )] ≥ Eθ∗

[
max
a∈A
⟨a− πT (x), θ

∗⟩
]

= Eθ∗

[
d∑

i=1

|θ∗i | · 1{sign(πT,i(x)) ̸= sign(θ∗i )}

]
(Best action has coordinate-wise same sign as θ∗)

=
1√
T

d∑
i=1

Eθ∗ [1{sign(πT,i(x)) ̸= sign(θ∗i )}]

=
1√
T

d∑
i=1

Pθ∗ [Eθ∗,i] ≥
1√
T
· d exp(−

1/2)

4
,

which completes the proof. 2

To the best of our knowledge, Theorem 3.2 gives the first lower bound for general active-

learning algorithms, which was missing in prior work [67, 70]. Now, the immediate question is

whether one can design an algorithm that learns a policy whose sub-optimality gap matches

this lower bound. In the next section, we present an algorithm Active Preference Optimization

(APO) that achieves this up to log factors and an instance-dependent non-linear factor.

3.2.1 Auxiliary Lemmas for Proof of Theorem 3.2

Lemma 3.1 (Divergence Decomposition) Consider a logistic bandit instance with action

space A ⊂ Rd and parameter θ ∈ Rd. A policy π, over T rounds, takes actions at ∈ A and

observes reward rt ∼ Ber(σ(⟨at, θ⟩)), for all t ∈ [T ]. Let the sequence of random actions

and observations be denoted by O = (a1, r1, a2, . . . , aT , rT ). Further, let Pθ and Pθ′ be the two

distributions of O under parameters θ and θ′. Then,

DKL(Pθ,Pθ′) ≤
1

8
Eθ

[
T∑
t=1

⟨at, θ − θ′⟩2
]

.

Proof: This lemma is a direct adaptation of [52, Lemma 15.1, Exercise 15.8(b)] to the logistic
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bandit setting. From these results, we directly have

DKL(Pθ,Pθ′) = Eθ

[
T∑
t=1

DKL(Ber(σ(⟨at, θ⟩)), Ber(σ(⟨at, θ′⟩))

]
. (3.3)

Now, upon simplification of the KL-divergence between two logistic distributions, we have,

DKL(Ber(σ(⟨at, θ⟩)), Ber(σ(⟨at, θ′⟩))

= (1− σ(⟨at, θ⟩))⟨at, θ′ − θ⟩+ log(σ(⟨at, θ⟩))− log(σ(⟨at, θ′⟩)) . (3.4)

Let p = ⟨at, θ⟩ and q = ⟨at, θ′⟩. Now, via a Taylor expansion, we have,

log(σ(q)) = log(σ(p)) +
σ̇(p)

σ(p)
(q − p) +

1

2

d

dp

(
σ̇(p)

σ(p)

) ∣∣∣∣
u∈(p,q)

(q − p)2

= log(σ(p)) + (1− σ(p))(q − p)− 1

2
σ̇(u)(q − p)2 . (σ̇(p) = σ(p)(1− σ(p)))

Therefore, substituting the Taylor expansion in 3.4, we get,

DKL(Ber(σ(⟨at, θ⟩)), Ber(σ(⟨at, θ′⟩)) =
1

2
σ̇(u)⟨at, θ′ − θ⟩2 ≤ 1

8
⟨at, θ′ − θ⟩2 . (σ̇(u) ≤ 1

4
)

Substituting this in 3.3 gives the desired result. 2

Lemma 3.2 (Bretagnolle-Huber Inequality [52, Theorem 14.2]) Let (Ω,F, P ) and (Ω,F, Q)

be two probability spaces. Let A ∈ F and Ac be its complement event. Then,

PP [A] + PQ[A
c] ≥ 1

2
exp(−DKL(P,Q))

3.3 Our Approach: Active Preference Optimization

At each round t, APO (Algorithm 4) proceeds by computing the MLE estimate θ̂t based on the

data obtained in the past t − 1 steps (3.1). Based on θ̂t, our goal is to maximize exploration.

To do this, for a context x ∈ X, we compute the uncertainty bt(x, a, a
′) for each action (a, a′)

available for that context and choose the one which maximizes this, i.e., we choose the pair

(at(x), a
′
t(x)) = argmax(a,a′)∈A×Abt(x, a, a

′), (3.5)
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Algorithm 4: APO: Active Preference Optimization

Input: Context set X, action set A, feature map ϕ : X×A→ Rd, regularization λ > 0,
and failure probability δ ∈ (0, 1].

1 Initialize θ̂1 = 0.
2 for t = 1, . . . , T do
3 Choose the triplet (xt, at, a

′
t) using (3.5) and (3.7).

4 Observe preference feedback yt∼Ber
(
σ(z⊤t θ

∗)
)
, where zt = ϕ(xt, at)− ϕ(xt, a

′
t).

5 Compute reward estimate θ̂t+1 that minimizes the constrained log-loss (3.1).

6 Compute (scaled) design matrix Ht+1(θ̂t+1) via (3.6).

7 Compute final policy πT (x) using (3.8).

where bt(x, a, a
′) = ∥ϕ(x, a)−ϕ(x, a′)∥H−1

t (θ̂t)
and Ht(θ̂t) is a matrix that describes a confidence

ellipsoid around the unknown reward parameter θ∗ after t− 1 steps of data collection. For any

θ ∈ Θ, this is defined as

Ht(θ)=∇2Lt(θ)+λId=
∑t−1

s=1
σ̇(z⊤s θ)zsz

⊤
s +λId , (3.6)

where zs = ϕ(xs, as) − ϕ(xs, a
′
s) is the feature difference for the triplet (xs, as, a

′
s). Intuitively,

the confidence ellipsoid keeps shrinking along whichever direction (in Rd) we decide to explore.

Thus, for a given context x, choosing the pair (at(x), a
′
t(x)) maximally reduces the uncertainty

among all other possible action duels. However, our algorithm picks not only the action pair

that maximizes uncertainty but also the context that increases it the most, i.e.,

xt = argmaxx∈X bt(x, at(x), a
′
t(x)) . (3.7)

This is a crucial step in our approach that ensures that the uncertainty of the reward function

over all contexts decreases at a fast rate, which in turn ensures a low sub-optimality gap. After

T rounds, we define θT = 1
T

∑T
s=1 θ̂t as the average of all the past parameter estimates. Our final

policy πT for any context x ∈ X is to play the action that maximizes the reward parameterized

by θT , i.e.,

πT (x) = argmaxa∈A(x) r̂T (x, a) = argmaxa∈A(x) ϕ(x, a)
⊤θT . (3.8)

3.3.1 Suboptimality Gap of APO

We make the following assumption, which is standard in the literature [101, 76].
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Assumption 1 (Boundedness) (a) θ∗ lies in the set Θ = {θ ∈ Rd| ⟨1, θ⟩ = 0, ||θ|| ≤ S}. (b)
Features are bounded, i.e., ||ϕ(x, a)|| ≤ 1, ∀ (x, a) ∈ X×A.

The condition ⟨1, θ⟩ = 0 ensures identifiability of θ∗. Now, we define a key quantity that

captures learning complexity under the BTL preference model:

κ = max
x∈X

max
a,a′∈A

max
θ∈Θ

1

σ̇(ϕ(x, a)⊤θ−ϕ(x, a′)⊤θ)
. (3.9)

This parameter κ specifies difficulty in learning via the worst-case non-linearity in preference

feedback. Note that we don’t need the knowledge of κ beforehand. Next, we present the

guarantee that our algorithm enjoys.

Theorem 3.3 (Sub-optimality gap of APO) Let δ ∈ (0, 1]. Under Assumption 1, setting

λ= 1
4S2(2+2S)2

and γ = O
(
S
√

d log (ST/d) + log (T/δ)
)
, the policy πT returned by APO, with

probability at least 1− δ, has the suboptimality gap upper bounded as

R(T ) ≤ O

(
γ

√
S log

(
1 + (T/λκd)

)
κd/T

)
.

Comparison with lower bound and dependence on κ. Theorem 3.3 implies an

Õ
(
d
√
κ/T

)
upper bound on the sub-optimality gap of APO policy. This matches the lower

bound of Theorem 3.2 in parameter dimension d and number of samples T , implying optimal

scaling w.r.t. these two terms (up to a log factor). There remains a gap in characterizing the

optimal dependence on the non-linearity parameter κ, which, in the worst-case, can be expo-

nential in the parameter norm S. In the logistic bandit literature, the state-of-the-art regret

guarantee is (almost) κ-independent - the dependence is only in terms independent of T [81, 55].

We believe the
√
κ dependence is unavoidable in the RLHF setting as the sub-optimality gap

is w.r.t. real-valued rewards r∗(x, a) = ϕ(x, a)⊤θ∗ instead of the sigmoid rewards σ(ϕ(x, a)⊤θ∗)

in logistic bandits. Given this, we conjecture that it could be possible to improve the lower

bound of Theorem 3.2 to Ω
(
d
√

κ/T
)
. We keep this as an interesting future direction.

Proof: (Sketch) First, we quantify the error in estimating θ∗ in the following lemma. This is

obtained by using a novel inequality derived from the self-concordance property of the sigmoid

function (i.e., |σ̈| ≤ σ̇) and adapting the arguments from [55]. Proof of this lemma is deferred

to Section 3.6.

Lemma 3.3 (Estimation error at round t) Let δ ∈ (0, 1]. Under the hypothesis of Theo-
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rem 3.3, with probability ≥ 1− δ, for some universal constant C > 0,

∥θ∗−θ̂t∥Ht(θ̂t)
≤CS

3/2
√
d log (St/d) + log (t/δ) ,

where θ̂t is the estimated reward parameter that minimizes the constrained log-loss (3.1) and

Ht(θ̂t) is the (scaled) design matrix (3.6) at round t.

The proof of Theorem 3.3 proceeds by upper bounding the sub-optimality gap for every

context with the error in parameter estimation times an arm-dependent quantity. Specifi-

cally, for context x, let zT (x) = ϕ(x, a∗(x)) − ϕ(x, πT (x)) denotes the fetaure difference for

the triplet (x, a∗(x), πT (x)), where a∗(x) is the optimal action at context x. Then, from (3.2),

the sub-optimality gap for context x can be bounded as zT (x)
⊤θ∗ ≤ zT (x)

⊤θ∗−zT (x)
⊤θT =

1
T

∑T
t=1zT (x)

⊤(θ∗− θ̂t). Here, the first inequality is because ϕ(x, πT (x))
⊤θT ≥ ϕ(x, a∗(x))⊤θT ,

which follows from definition of πT , and so zT (x)
⊤θT ≤ 0. Then, by Cauchy-Schwarz inequal-

ity, we get zT (x)
⊤θ∗ ≤ 1

T

∑T
t=1∥zT (x)∥Ht(θ̂t)−1∥θ∗−θ̂t∥Ht(θ̂t)

.

Now, we apply Lemma 3.3 to upper bound ∥θ∗−θ̂t∥Ht(θ̂t)
. Next, we note that ∥zT (x)∥Ht(θ̂t)−1 ≤

∥zt∥Ht(θ̂t)−1 by the design of our algorithm. To bound this, consider the regularized sample co-

variance matrix of feature differences, defined as Vt =
∑t−1

s=1 zsz
⊤
s + κλId . Compare this with

Ht(θ), which scales each rank-one component inside the sum by its variance given that the

parameter is θ (see Eq. 3.6). A key relation between these two matrices is that Ht(θ) ≽ Vt/κ.

Using this, we upper bound ∥zt∥Ht(θ̂t)−1 by
√
κ∥zt∥V −1

t
. Finally, applying Elliptic Potential

Lemma (Lemma 3.10) finishes the proof. We defer the details till Section 3.6. 2

Remark 5 To the best of our knowledge, [67] is the only work similar to ours with theoretical

guarantees. Therefore, we highlight in detail the major differences. First, the algorithm design

is entirely different as we choose both the actions for any context by maximizing the exploration

bonus bt(x, a, a
′), while [67] chooses one action uniformly at random. This can be wasteful

in practice as the choice of the second action is equally crucial in preference-based learning.

Further, the context selection rule is entirely different. While we pick the context with the

highest exploration bonus (Eq. 3.7), [67] uses an uncertainty estimate calculated via upper and

lower confidence bounds of the rewards. Moreover, their suboptimality gap scales linearly with

κ, while our guarantee only scales as
√
κ.

Next, [67] competes against the Borda winner, while we do so against the (stronger) Con-

dorcet winner. Moreover, [67] assumes that the Borda function g∗(x, a)=Ea′∼Unif(A)[σ(r
∗(x, a)−

r∗(x, a′))] lie in the same function space as the reward function r∗(x, a) = ⟨θ∗, ϕ(x, a)⟩. This

assumption doesn’t hold in general due to the non-linearity in σ and hence restricts the prefer-

ence probabilities. The assumption holds trivially if each ϕ(x, a) is a one-hot vector ex,a, but it
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pushes θ∗ to |X| · |A| dimensions and blows up the suboptimality gap significantly. We remove

this restriction and provide the guarantee in dimension d ≪ |X| · |A|, by crucially exploiting

properties of the sigmoid function.

Remark 6 (Extension to Direct Preference Optimization (DPO)) Another popular align-

ment algorithm DPO [75] does not train a reward model separately, rather it uses the log-

probability rθ(x, a) = log πθ(a|x) − log πref(a|x) as the reward, where θ ∈ Rd parameterizes the

policy to be learnt. For example, Softmax policies take the form πθ(a|x) ∝ exp(fθ(x, a)), where

fθ is a differentiable function. Now if we assume fθ to be linear, then πθ becomes a log-linear pol-

icy, i.e., log πθ(a|x) ∝ ⟨θ, ϕ(x, a)⟩, which eventually makes rθ a (shifted) linear function. Hence,

one would be able to apply our proposed approach to learn the policy parameter θ directly from

the preference dataset D.

3.4 Generalization Beyond BTL Model

In this section, we remove the assumption of the BTL preference model and assume access to

a non-parametric function class

F={f : X×A×A→ [0, 1] : f(x, a, a′)+f(x, a′, a)=1} ,

where f(x, a, a′) denotes the probability that action a wins over action a′ (denoted by a ≽ a′)

given context x when the preference function is f , i.e., f(x, a, a′) = P[a ≽ a′|x, f ]. Note that in
this case, there is no latent reward model, and hence, this is a strict generalization of the BTL

model. Now, we assume that there is a realizable f ∗ ∈ F from which preferences are observed

at each round t, i.e. yt ∼ Ber(f ∗(xt, at, a
′
t)). Further, we assume a Condorcet winner at each

context x ∈ X w.r.t. f ∗:

Assumption 2 For all context x∈X, there is an action a∗(x)∈A such that f ∗(x, a∗(x), a)≥
1/2∀a∈A.

Accordingly, the sub-optimality gap of policy πT is defined as

R(T ) := maxx∈X f
∗(x, a∗(x), πT (x))− 1/2 .

In this setting, we propose a generalization of APO, namely, APO-Gen (Algorithm 5) described

next.
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3.4.1 Algorithm

Our algorithm takes a function class F and a confidence level δ ∈ (0, 1] as its inputs. First,

a regularized least square estimate of f ∗ is computed by minimizing the cumulative squared

prediction error:

f̂t ∈ argminf∈F

∑t−1

s=1
(ys − f(xs, as, a

′
s))

2
. (3.10)

The confidence set Ct(F, δ) is then defined as

Ct(F, δ) :=
{
f ∈ F :

∑t−1

s=1

(
f(xs, as, a

′
s)−f̂t(xs, as, a

′
s)
)2≤βt(F, δ)

}
, (3.11)

where βt(F, δ) is an appropriately chosen confidence parameter. Since yt ∼ Ber(f ∗(xt, at, a
′
t))

given (xt, at, a
′
t), We have Var[yt] ≤ 1/4. Thus, following [8], we set the confidence parameter

βt(F, δ)=2 log
2N(F)

δ
+2

√
log

4t(t+1)

δ
+4 ,

where N(F) denotes the (1/T, || · ||∞)-covering number1 of F. This choice of confidence width

ensures that f ∗ lies in the confidence set Ct(F, δ) at all time instant t ≥ 1 with probability at

least 1− δ (Lemma 3.7).

Next, for each triplet (x, a, a′), we define the exploration bonus bt(x, a, a
′) at round t as

bt(x, a, a
′)= max

f1,f2∈Ct(F,δ)
|f1(x, a, a′)−f2(x, a, a′)|, (3.12)

which measures the uncertainty of a pair of actions a, a′ given a context x with respect to the

confidence set Ct(F, δ). The near-optimal action set At(x) at round t is defined as the set of all

actions in the previous set At−1(x) satisfying

f̂t(x, a, a0) + bt(x, a, a0) ≥ 1/2∀a0 ∈ At−1(x) . (3.13)

Intuitively speaking, we retain only those actions from the previous near-optimal set that are

not significantly outperformed by other actions according to the estimates of the current round.

Since f ∗ ∈ Ct(F, δ), the optimal action a∗(x) lies in At(x) for each context x for all t with high

probability (Lemma 3.8). By pruning out suboptimal actions every round, we make better use

of samples. When the set At(x) becomes a singleton (i.e., a∗(x) has been identified w.h.p), we

1For any α > 0, we call Fα an (α, || · ||∞) cover of the function class F if for any f ∈ F there exists an f ′ in
Fα such that ||f ′ − f ||∞ := supx∈X |f ′(x)− f(x)| ≤ α.
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Algorithm 5: APO-Gen: Active Preference Optimization with General Function Ap-
proximation

Input: Context set X, action set A = [K], function class F, failure level δ ∈ (0, 1).
1 Set X0 = X and A0(x) = A ∀ x ∈ X.
2 for t = 1, 2, . . . T do

3 Compute function estimate f̂t usning (3.10).
4 Construct confidence set Ct(F, δ) using (3.11).
5 Intialize the Xt = Xt−1.
6 for each context x ∈ Xt−1 do
7 For each pair of actions a, a′ ∈ At−1(x), compute the bonus bt(x, a, a

′) using (3.12).
8 Find the near-optimal action set At(x) using (3.13).
9 if |At(x)| = 1 then

10 Set AT (x) = At(x) and Xt ← Xt \ {x}.

11 Choose context and pair of actions (xt, at, a
′
t) = argmaxx∈Xt,a,a′∈At(x) bt(x, a, a

′).

12 Observe preference yt ∼ Ber(f∗(xt, at, a
′
t))

13 Output final policy πT (x) = a for some arbitrary a ∈ AT (x).

remove this context from the pool of contexts considered in future rounds.

To encourage exploration, we choose actions (at(x), a
′
t(x)) which has the highest uncertainty

in At(x), i.e., we choose

(at(x), a
′
t(x))=argmaxa,a′∈At(x) bt(x, a, a

′) . (3.14)

Next, we choose the context xt that provides the maximum information about the unknown

preference function f ∗, i.e.,

xt ∈ argmaxx∈X bt(x, at(x), a
′
t(x)) . (3.15)

We play the actions at = at(xt) and a′t = a′t(xt) in round t and observe the preference feedback

yt. We repeat this until we have exhausted the budget T . Our final policy πT samples an

action uniformly at random from the set AT (x) for every context x ∈ X. Pseudocode is given

in Algorithm 5.

3.4.2 Suboptimality Gap Guarantee of APO-Gen

Now we state the suboptimality gap upper bound for Algorithm 5. We characterize the com-

plexity of function class F by its eluder dimension [77] and the covering number.

Definition 3.2 (Eluder dimension) The ε-eluder dimension dimE(F, ε) of a function class

F defined on a domain X is the length of the longest sequence {xi}ni=1⊆X of input points such
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that for some ε′≥ε and for each i ∈ {2, . . . , n},

sup
f1,f2∈F

{
(f1−f2)(xi)

∣∣∣√∑i−1

j=1
(f1−f2)2(xi)≤ε′

}
>ε′ .

We denote by dE(F) = dimE (F, 1/T ), the (1/T )-Eluder dimension of the function class F.

Definition 3.3 (Covering number) The α-covering number of a function class F is defined

as the size of the smallest set G ⊂ F such that for any f ∈ F, ming∈G∥f − g∥∞ ≤ α.

We denote by N(F) the 1
T
-covering number of F.

Now, we state the sub-optimality guarantee of the final policy using the eluder dimension

and metric entropy of the function class F. The proof is presented in Section 3.7.

Theorem 3.4 (Suboptimality Gap of APO-Gen) Let δ ∈ (0, 1). Then, with probability at

least 1 − δ, the policy returned by APO-Gen (Algorithm 5) has the suboptimality gap upper

bounded as

R(T ) ≤ Õ

(√
log(N(F)T/δ)dE(F)/T

)
.

For the BTL preference model f(x, a, a′) = µ(ϕ(x, a)⊤θ−ϕ(x, a′)⊤θ). Define r = h/h, where

h = supx,a,a′,θ µ̇(ϕ(x, a)⊤θ−ϕ(x, a′)⊤θ) ,

h = infx,a,a′,θ µ̇(ϕ(x, a)⊤θ−ϕ(x, a′)⊤θ) .

Then the logN(F) and Eluder dimension of F are at most O(d log(hT )) and O(dr2h log(rShT )),

respectively. Note that h = 1/κ and h ≤ 1/4. This yields logN(F) = O(d log T ) and dE(F) =

O(κ2d log T ). Hence, we get an Õ(κd/
√
T ) sub-optimality gap for APO-Gen, which is

√
κ factor

loose than Theorem 3.3. This is because we crucially use self-concordance of the sigmoid

function in Theorem 3.3 to shave this extra
√
κ factor. Nevertheless, this result is general

enough to subsume other preference models (e.g., Thurstone) beyond the BTL model.

3.5 Experiments

We first present a practical version of APO, which largely follows the former with minor changes

adapted for the computationally efficient implementation required in large-scale experiments.

Next, we present experimental results that demonstrate the efficacy of APO over random sam-

pling (hereafter denoted by Random) and baselines [67, 70]. Hyperparameter details are given

in Appendix 3.5.4. The experiment code can be found here.
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Algorithm 6: APO (Practical version)

Input: Context-generation pairs M={(x, a, a′)}, sample budget T , encoder ϕ, SFT
policy πSFT, log-loss L, batch size B, uncertainty regularizer λ>0, KL
regularizer β>0, learning rate η>0.

1 Initialize V1 = λI, θ̂1 = 0,D = ∅. for batch t = 1, . . . , ⌊T/B⌋ do
2 Set bt(x, a, a

′) = ∥ϕ(x, a)− ϕ(x, a′)∥V −1
t

for each (x, a, a′) ∈M. Set Mt = ∅. for
j = 1, . . . , B do

3 Pick (xt,j, at,j, a
′
t,j) = argmax

(x,a,a′)∈M\Mt

bt(x, a, a
′); Observe preference yt,j.

4 Update Mt ←Mt ∪ {(xt,j, at,j, a
′
t,j)} and D← D ∪ {(xt,j, at,j, a

′
t,j, yt,j)}.

5 Update θ̂t+1 ← Gradient-step(L, θ̂t,D, η).

6 Update Vt+1 ← Vt +
∑B

j=1 zt,jz
⊤
t,j, where zt,j = ϕ(xt,j, at,j)− ϕ(xt,j, a

′
t,j).

7 Set reward r̂T (x, a) = ϕ(x, a)⊤θ̂⌊T/B⌋+1∀(x, a) and policy πT ← PPO(πSFT, r̂T , β).

3.5.1 Practical Version of APO for RLHF

In this practical version of APO (Algorithm 6), we access preference data in batches instead of

being fully online. At the start of each batch t, we first compute the uncertainty bt(x, a, a
′) of

each triplet (x, a, a′) ( Step 2). This is similar to Algorithm 4 except that here we compute the

norm w.r.t. the inverted sample covariance matrix of feature differences V −1
t instead of Ht(θ̂t)

−1

(Step 6). We do so since it is both compute and memory efficient for large scale experiments. To

maximize exploration, only those B triplets (x, a, a′) are sent for labeling in a batch that have

the highest uncertainty bt(x, a, a
′), and those are stored in a buffer D. At the end of each batch

t, we update the parameter estimate θ̂t via a black-box gradient-descend-based algorithm (e.g.

Adam [47]) on the log-loss (3.1) over the dataset D. Finally, after the budget T is exhausted, we

first learn an estimate r̂T of the latent reward model r∗, and then align the policy via proximal

policy optimization (PPO) [82], which takes as input the SFT policy πSFT, the learnt reward

model r̂T and a KL-regularizer β, and returns πT .

3.5.2 Results on Controlled Sentiment Generation Task

In this experiment, we consider a user group that prefers positive sentiment completions for

movie reviews in the IMDb dataset [60]. The goal is to output generations a that exhibit

positive sentiment, catering to the user group’s preferences for a given context x. For controlled

evaluation, we generate preference pairs (a, a′) utilizing a pre-trained sentiment classifier where

P(positive-sentiment | x, a) > P(positive-sentiment | x, a′). We generate a total of 10000

preference samples (x, a, a′) and use 4:1 train-test split. For the SFT policy, we fine-tune GPT-
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Figure 3.2: Top Row: Controlled Sentiment Generation Task: Left: Evaluation accuracy of
trained reward model vs. no. of samples (in %) comparing APO with Random. Middle: Sentiment
score distribution of aligned policies trained on reward model learned with APO and on Random’s highest
accuracy reward model. Generations by APO-trained reward is more shifted towards positive, showing
better alignment than Random. Right: Win rates of APO, AE-DPO [67] and APL [70] and Random against
SFT policy. APO outperforms AE-DPO, APL and Random by 72 : 62 : 56 : 54 win rate. Bottom Row:
Single-turn Dialogue Task: Left and 2nd Left: Evaluation accuracy of trained reward model
vs. no. of samples comparing APO with Random, when the number of epochs is 5 (Left) and 20 (2nd
Left). Evaluation accuracy of APO is higher than the Random in both cases. 2nd Right: Reward
distribution of APO-aligned, SFT and Random-aligned policies for generations on prompts in the test
dataset. Clearly, APO’s alignment is better than Random. Right: Win rates of APO and Random aligned
policies against SFT policy. APO outperforms Random by 55 : 40 win rate.

2 [73] on preferred reviews from the train set (8000 samples) and use this GPT-2 backbone for

both reward learning and policy alignment.

For reward training, we adaptively select context and generation pairs from the train

set. We use the feature representation ϕ(x, a), and estimate the uncertainty bt(x, a, a
′) for each

(x, a, a′) in the train set and select top-B samples to update the reward model. We repeat this

process K times and return the final trained reward model. We evaluate the performance of

the trained reward model against Random (where we select B samples randomly at every batch)

on the test set of 2000 samples. Figure 3.2 (Top Left) shows the result: evaluation accuracy

of the reward model learned by APO is much higher than the one learned via Random even when

APO’s sample budget is only 5% of the data and Random’s is 40%.

For policy alignment, we align the SFT policy with respective trained reward models (via

APO and Random) using PPO (step 7). To demonstrate the effectiveness of adaptive sampling,

we use the reward model trained on a sample budget of only 10% for APO, while we use the
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highest accuracy reward model (corresponding to 40% samples) for Random. Similar to [75],

the generations of aligned policies are evaluated against the ground truth reward r∗ for positive

sentiment, which is provided by the pre-trained sentiment classifier. From Figure 3.2 (Top

Middle), it can be seen that the reward distribution of the generations of APO -aligned policy

achieves a higher density of positive sentiment compared to that aligned by Random. Moreover,

from Figure 3.2 (Top Right) it is evident that APO outperforms APL [70], AE-DPO [67] and

Random in terms of win-rate against the SFT policy demonstrating the efficiency of the proposed

method.

3.5.3 Results on Single-turn Dialogue task

In this experiment, we use Anthropic-HH [9] preference dataset and instruction-tuned Gemma-

2b [91] language model. We collect all the contexts with single-turn dialogues and split these

into two sets in a 4:1 ratio. We put samples from the larger collection into three buckets based

on reward difference between chosen and rejected responses using Mistral-7b reward model as

latent reward r∗. These buckets contain data points that are progressively easier to classify:

(B1) reward difference between −1 to 1, (B2) reward difference between 1 to 3 and (B3) reward

difference of more than 3. Out of these three buckets, we take 4500 samples from (B1), 2500

from (B2), and 1000 from (B3) to carefully curate a collection of 8000 training samples. Such

a collection (more samples taken from the buckets with a smaller reward difference and fewer

samples from the bucket with a larger reward difference) highlights the importance of selecting

prompts carefully to obtain useful information during reward training – randomly sampling

contexts to collect feedback is more likely to hurt the performance in such a setting. For the

test set, we sample 2000 data points from the smaller collection set aside.

Reward Evaluation. We compare the reward models learnt by APO and Random by com-

puting the % of samples in the test set for which the models assign higher reward to the chosen

responses than to the rejected responses. We study how this accuracy changes with the number

of batches or epochs, keeping the sample budget the same (Fig. 3.2 (Bottom Left) for 5 epochs

and Fig. 3.2 (Bottom 2nd Left) for 20 epochs). We observe that APO always outperforms

Random. We also see that the reward accuracy increases with an increasing number of epochs

for a given sample budget. We show results by varying training samples till 4000 as we want

to demonstrate the effectiveness of APO under budget constraint.

Win Rate. Based on reward models learnt by APO and Random, we fine tune the SFT policy

with PPO to obtain APO-policy and Random-policy respectively. Then we generate responses for

contexts in the test set using APO, Random, and SFT policies, and get them evaluated by the

Mistral-7b reward model. The reward distributions of these three policies are shown in Fig. 3.2
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(Bottom 2nd right). It can be seen that APO has a higher density of positive rewards. Win

rate of APO-policy and Random-policy against SFT policy is shown in Fig. 3.2 (Bottom Right),

which shows that APO outperforms Random by a 55 : 40 win rate.

3.5.4 Hyperparameter Details

Any hyperparameters not mentioned use the default values in the TRL library.1

Table 3.1: Hyperparameters used in the experiment

Parameter Value

regularizer in APO 1e-5

beta 0.1

learning rate 1.41e-5

batch size 16

max length 512

max prompt length 128

Table 3.2: Hyperparameters used in PPO Training

Parameter Value Parameter Value

learning rate 1e-4 max new tokens 256

lora-rank 8 top k 80

lora alpha 32 top p 1

lora dropout 0.05 temperature 1.1

batch size 16 do sample True

mini batch size 8

Experiments on Controlled Sentiment Generation. All experiments here were run

on a Tesla T4 (16GB) GPU. The hyperparameters for the experiments are outlined in Table

3.1.

Experiment with Anthropic Dataset. All experiments here were run on an A100 (80

GB) GPU. For reward learning, we use regularizer λ = 1 × 10−5. The learning rate for both

APO and random is set to 1 × 10−2 with weight decay of 1 × 10−5. After every epoch of data

collection, the training step on the logistic loss is run for 10 epochs. The details for the PPO

configuration are the same for both APO and random. The details are given in Table 3.2.

3.6 Proof of Theorem 3.3

We restate Theorem 3.3 and give its proof.

1huggingface.co/docs/trl/index
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Theorem 3.3 (Sub-optimality gap of APO) Let δ ∈ (0, 1]. Under Assumption 1, setting

λ= 1
4S2(2+2S)2

and γ = O
(
S
√

d log (ST/d) + log (T/δ)
)
, the policy πT returned by APO, with

probability at least 1− δ, has the suboptimality gap upper bounded as

R(T ) ≤ O

(
γ

√
S log

(
1 + (T/λκd)

)
κd/T

)
.

Proof: Let the suboptimality gap for a context x ∈ X be denoted as R(T, x). Thus,

R(T, x) = (ϕ(x, a∗(x))− ϕ(x, πT (x)))
⊺ θ∗

≤ (ϕ(x, a∗(x))− ϕ(x, πT (x)))
⊺ θ∗ + (ϕ(x, πT (x))− ϕ(x, a∗(x)))⊺

(
1

T

T∑
t=1

θ̂t

)
(∵ πT (x) = argmaxa∈A ϕ(x, a)⊺

(
1
T

∑T
i=1 θ̂t

)
)

Therefore, we have,

R(T ) ≤ (ϕ(x, a∗(x))− ϕ(x, πT (x)))
⊺ (θ∗ − 1

T

T∑
t=1

θ̂t)

=
1

T

T∑
t=1

(ϕ(x, a∗(x))− ϕ(x, πT (x)))
⊺ (θ∗ − θ̂t)

≤ 1

T

T∑
t=1

∥ϕ(x, a∗(x))− ϕ(x, πT (x))∥H−1
t (θ̂t)

∥θ∗ − θ̂t∥Ht(θ̂t)
. (Holder’s Inequality)

Now we use lemma 3.6 to upper bound ∥θ∗ − θ̂t∥Ht(θ̂t)
with CS1/2γt(δ) which we further upper

bound by CS1/2γT (δ) after noting that γt(δ) ≤ γt+1(δ) for all t ∈ [T ]. Thus, we now have,

R(T, x) ≤ CS1/2γT (δ)

T

T∑
t=1

∥ϕ(x, a∗(x))− ϕ(x, πT (x))∥H−1
t (θ̂t)

≤ CS1/2γT (δ)

T

T∑
t=1

∥ϕ(xt, at)− ϕ(xt, a
′
t)∥H−1

t (θ̂t)

((xt, at, a
′
t) = argmaxx∈X,a,a′∈A∥ϕ(x, a)− ϕ(x, a′)∥H−1

t (θ̂t)
)

≤ C
√
κSγT (δ)

T

T∑
t=1

∥ϕ(xt, at)− ϕ(xt, a
′
t)∥V −1

t
(Vt ≼ κHt(θ̂t))
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≤ C
√
κSγT (δ)

T

√√√√T

T∑
t=1

∥ϕ(xt, at)− ϕ(xt, a′t)∥2V −1
t

(Cauchy-Schwarz)

≤ C
√
κSγT (δ)

T

√
2dT log

(
1 +

T

λκd

)
(Lemma 3.10)

= CS3/2

√(
d log(

ST

d
) + log(

T

δ
)

)
log

(
1 +

T

λκd

)
κd

T
(Def. of γT (δ))

Thus, R(T ) = maxx∈X R(T, x) ≤ CS3/2
√(

d log(ST
d
) + log(T

δ
)
)
log
(
1 + T

λκd

)
κd
T
. 2

3.6.1 Auxiliary Lemmas for Proof of Theorem 3.3

Here we first state the result from the logistic bandit literature that characterizes the confi-

dence set for the constrained maximum likelihood estimator. Here, we give one version of the

confidence set from [55], but note that similar guarantees are also derived in [1].

Lemma 3.4 (Confidence Set for MLE [55, Theorem 1]) Let θ̂t be the constrained max-

imum likelihood estimator after t− 1 time steps defined as follows:

θ̂t = argmin
θ∈Θ

{
−

t−1∑
s=1

ys log(σ(z
⊺
sθ)) + (1− ys) log(1− σ(z⊺sθ))

}
.

Now define the set

Ct(δ) = {θ ∈ Θ : Lt(θ)− L(θ̂) ≤ βt(δ)
2}

where βt(δ) =
√
10d log

(
St
4d

+ e
)
+ 2(e− 2 + S) log

(
1
δ

)
. Then we have P (∀t ≥ 1, θ∗ ∈ Ct(δ)) ≥

1− δ.

The details of the proof can be found in [55, section 3.1]. Next, we present another lemma

that quantifies the parameter estimation error. Using this lemma and a novel self-concordance

property, we will prove Lemma 3.6.

Lemma 3.5 (Lemma 6 of [55]) Let θ̂t be defined above. Further, let θ∗ ∈ Ct(δ). Then,

∥θ̂t − θ∗∥2Ht(θ∗) ≤ γt(δ)
2 := 2(2 + 2S)f(d, S, t, δ)

where

f(d, S, t, δ) := 2(e− 2)(2 + 2S)d log(
5St

d
) + 2(e− 2)(2 + 2S) log(

t

δ
) +

5d

4
+

d2

16St
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Simplifying the RHS above, we have, γt(δ)
2 = CS2

(
d log St

d
+ log t

δ

)
for some C > 0.

The proof of the lemma can be found in [55, appendix C.4.4]. Now we present the proof of

lemma 3.6.

Lemma 3.6 Suppose θ∗ ∈ Ct(δ). Then, ∥θ∗ − θ̂t∥Ht(θ̂t)
≤ CS1/2γt(δ).

Proof: By Taylor’s theorem, we have,

Lt(θ̂t)− Lt(θ
∗)

= ∇Lt(θ
∗)⊺(θ̂t − θ∗) +

∫ 1

v=0

(1− v)(θ̂t − θ∗)⊺∇2Lt(θ
∗)(θ̂t − θ∗)dv

= ∇Lt(θ
∗)⊺(θ̂t − θ∗) +

t−1∑
s=1

[∫ 1

v=0

(1− v)σ̇(z⊺sθ
∗ + v(z⊺s θ̂t − z⊺sθ

∗))dv

]
(z⊺s (θ̂t − θ∗))2

= ∇Lt(θ
∗)⊺(θ̂t − θ∗) + ∥θ̂t − θ∗∥2

G̃t(θ∗,θ̂t)
− λ∥θ̂t − θ∗∥2

where we define G̃t(θ
∗, θ̂t) = λId +

∑t−1
s=1

[∫ 1

v=0
(1− v)σ̇(z⊺sθ

∗ + v(z⊺s θ̂t − z⊺sθ
∗))dv

]
zsz

⊺
s . Thus,

we obtain,

∥θ̂t − θ∗∥2
G̃t(θ∗,θ̂t)

= Lt(θ
∗)− Lt(θ̂t) +∇Lt(θ

∗)⊺(θ̂t − θ∗) + λ∥θ̂t − θ∗∥2

Now, from a novel self-concordant analysis (see lemma 3.9), Ht(θ̂t) ≼ C(2 + 2S)2G̃t(θ
∗, θ̂t) for

some C > 1.01. Thus,

∥θ̂t − θ∗∥2
Ht(θ̂t)

≤ C(2 + 2S)2∥θ̂t − θ∗∥2
G̃t(θ∗,θ̂t)

= C(2 + 2S)2
[
Lt(θ

∗)− Lt(θ̂t) +∇Lt(θ
∗)⊺(θ̂t − θ∗) + λ∥θ̂t − θ∗∥2

]
≤ C(2 + 2S)2

[
4λS2 + βt(δ)

2 +∇Lt(θ
∗)⊺(θ̂t − θ∗)

]
(3.16)

where the last inequality is because (a) θ̂t, θ
∗ ∈ Θ which implies that ∥θ∗− θ̂t∥ ≤ diam(Θ) = 2S

and (b) by lemma 3.4, Lt(θ
∗)− Lt(θ̂t) ≤ βt(δ)

2 since θ∗ ∈ Ct(δ) by assumption.

Thereafter, from the proof of Lemma 6 of [55] it can be extracted that |∇Lt(θ
∗)⊺(θ̂t −

θ∗)| ≤
∥θ̂t−θ∗∥2

Ht(θ
∗)

2(2+2S)
+ f(d, S, t, δ) . Then using lemma 3.5, the R.H.S of 3.16 can be bounded by
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2f(d, S, t, δ). Thus, we now obtain,

∥θ̂t − θ∗∥2
Ht(θ̂t)

≤ C(2 + 2S)2
[
4λS2 + βt(δ)

2 + 2f(d, S, t, δ)
]

≤ C(2 + 2S)2
[

1

(2 + 2S)2
+ βt(δ)

2 +
γt(δ)

2

2(2 + 2S)

]
( λ = 1

4S2(2+2S)2
)

≤ C(2 + 2S)2

[
1

(2 + 2S)
+ βt(δ) +

γt(δ)√
2(2 + 2S)

]2

Taking square-root on both sides,

∥θ̂t − θ∗∥Ht(θ̂t)
≤ C(2 + 2S)

[
1

(2 + 2S)
+ βt(δ) +

γt(δ)√
2(2 + 2S)

]
= C(1 + (2 + 2S)βt(δ) +

√
2 + 2Sγt(δ))

= CS3/2

√(
d log(

St

d
) + log(

t

δ
)

)
,

which proves the lemma. 2

3.7 Proof of Theorem 3.4

We restate Theorem 3.4 and present its proof.

Theorem 3.4 (Suboptimality Gap of APO-Gen) Let δ ∈ (0, 1). Then, with probability at

least 1 − δ, the policy returned by APO-Gen (Algorithm 5) has the suboptimality gap upper

bounded as

R(T ) ≤ Õ

(√
log(N(F)T/δ)dE(F)/T

)
.

Proof: The idea is to show that our arm elimination technique throws away arms with large

suboptimality gaps in every round for every context. Thus, the set At(x) maintains a candidate

set of good arms at every time instant. In the end, playing any action from AT (x) ensures that

we only play actions from a set of actions that are only 1/
√
T suboptimal. Formally, for any

context x ∈ X, the suboptimality R(T, x) is upper bounded as follows:

R(T, x) = f ∗(x, a∗(x), πT (x))−
1

2
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≤ 1

T

T∑
t=1

[
f̂t(x, a

∗(x), πT (x)) + bt(x, a
∗(x), πT (x))−

1

2

]
(a∗(x), πT (x) ∈ At(x) ∀ t ∈ [T ])

=
1

T

T∑
t=1

[
1

2
− f̂t(x, πT (x), a

∗(x)) + bt(x, a
∗(x), πT (x))

]
(f(x, a, a′) + f(x, a′, a) = 1 ∀ f ∈ F)

=
1

T

T∑
t=1

[
1

2
− f̂t(x, πT (x), a

∗(x)) + bt(x, πT (x), a
∗(x))

]
(bt(x, a, a

′) = bt(x, a
′, a))

≤ 1

T

T∑
t=1

[bt(x, πT (x), a
∗(x)) + bt(x, πT (x), a

∗(x))]

(Since πT (x), a
∗(x) ∈ At(x), line 7 Algorithm 5)

=
2

T

T∑
t=1

bt(x, πT (x), a
∗(x))

≤ 2

T

T∑
t=1

bt(xt, at, a
′
t) . (Line 9 of Algorithm 5)

Now we invoke lemma 3.12 to bound the RHS.

R(T, x) ≤ 2

T

T∑
t=1

bt(xt, at, a
′
t) ≤

2

T

[
1

T
+min{dE(F), T}+ 2βT (F, δ/T )

√
dE(F)T

]

Simplifying constants and using the fact that min{a, b} ≤
√
ab for a, b > 0, we get R(T, x) ≤

CβT (F, δ/T )
√

dE(F)
T

. Now, using order notation, we have for all x ∈ X with probability at least

1− δ,

R(T, x) ≤ Õ

(√
log(N(F)T/δ)dE(F)

T

)
.

Hence, R(T ) = maxx∈XR(T, x) ≤ Õ

(√
log(N(F)T/δ)dE(F)

T

)
. 2

3.7.1 Auxiliary Lemmas for Proof of Theorem 3.4

First we present a result that characterizes the confidence set around f̂t.

Lemma 3.7 (Confidence Set for Function Approximation (Lemma A.1 of [21]) Let δ ∈
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(0, 1). Define the confidence set

Ct(F, δ) = {f ∈ F|
t−1∑
s=1

(f(xs, as, a
′
s)− f̂t(xs, as, a

′
s))

2 ≤ βt(F, δ)

Let Et(δ) be the event that f ∗ ∈ Ct(F, δ). Then, P[Et(δ)] ≥ 1 − δ. Further, P
[
∩Tt=1Et(δ/T )

]
≥

1− δ.

Proof: The proof is a direct extension of lemma 3.11 by observing that in our case, the

subgaussianity parameter σ = 1/4 since our rewards are Bernoulli and by setting α = 1/t.

Moreover, C = 1 in our case. Finally, since Et(δ/t) holds with probability at least 1 − δ/t, by

union bound we can show that P
[
∩Tt=1Et(δ/T )

]
= 1−P

[
∪Tt=1Et(δ/T )

]
≥ 1−

∑T
t=1 P[Et(δ/T )] ≥

1− δ. 2

Hereon, we will assume that Et(δ/T ) holds for all t ∈ [T ]. All subsequent guarantees will

be proved under this event. The next result shows that for each context x, the optimal action

a∗(x) lies in At(x) for all t.

Lemma 3.8 For a given context x ∈ X, let {As(x)}ts=0 be defined as follows: (a) A0(x) = A

and (b) As(x) = {a ∈ As−1(x) | f̂s(x, a, a′) + bs(x, a, a
′) ≥ 1

2
∀a′ ∈ As−1(x)}. Then, we have,

a∗(x) ∈ As(x) for all s ∈ [t].

Proof: The proof is by induction. First note that by definition of a∗(x), f ∗(x, a∗(x), a′) ≥ 1/2

for every a′ ∈ A, and a∗(x) ∈ A0(x) = A. Suppose, for some s > 0, a∗(x) ∈ As−1(x). Now,

we know that under event Es(δ/T ), f
∗ ∈ Cs(F, δ/T ) and thus from definition of bs(x, a, a

′),

f ∗(x, a, a′)− f̂s(x, a, a
′) ≤ bs(x, a, a

′). Thus, for any a′ ∈ As−1(x),

1

2
≤ f ∗(x, a∗(x), a′) ≤ f̂s(x, a

∗(x), a′) + bs(x, a
∗(x), a′)

Hence a∗(x) ∈ As(x). Thus by induction, a∗(x) ∈ As(x) for all s ∈ [t]. 2

3.8 Some Useful Results

Lemma 3.9 Let z, z′ ∈ R and α̃(z, z′) :=
∫ 1

0
(1− v)σ̇(z + v(z′ − z))dv. Then, for some C > 1

(1.01 suffices),

α̃(z, z′) ≥ σ̇(z′)

C(2 + |z − z′|)2

Proof: Firstly, note that by property of definite integrals
∫ b

a
f(x)dx =

∫ b

a
f(a+ b− x)dx, we
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have ∫ 1

0

(1− v)σ̇(z + v(z′ − z))dv =

∫ 1

0

vσ̇(z′ + v(z − z′))dv

Now, we use the fact that σ̇(x) ≥ σ̇(y) exp(−|x− y|) (see appendix A of [29]). Let a = |z− z′|.
Thus, ∫ 1

0

vσ̇(z′ + v(z − z′))dv ≥
∫ 1

0

vσ̇(z′) exp(−va)dv

= σ̇(z′)

∫ 1

0

v exp(−va)dv

= σ̇(z′)

(
1− (1 + a)e−a

a2

)
≥ σ̇(z′)

(
1− 1/a

a2

)
((1 + a)e−a < 1

a
∀a > 0)

= σ̇(z′)

(
a− 1

a3

)
Again, from appendix A of [29], we have that α̃(z, z′) ≥ σ̇(z)/(2 + a) which can again be lower

bounded with σ̇(z′)e−a/(2 + a). Combining this lower bound with the above, we get,

α̃(z, z′) ≥ max

{
e−a

2 + a
,
a− 1

a3

}
σ̇(z′)

Finally, we can lower bound the RHS with σ̇(z′)
C(2+a)2

for some C > 1.01. To do this, let f(x) =

(2 + x)e−x. Thus, f ′(x) = −(1 + x)e−x which implies that f(x) is decreasing for x > 0.

Thus, f(x) = 1
C

is satisfied for only one value of x since f(0) = 2 > 1/C. For C = 1.01,

this value is x0 = 1.1608. Then, for 0 ≤ x ≤ x0, e
−x/(2 + x) ≥ 1/C(2 + x)2. Again, let

g(x) = (x − 1)(x + 2)2/x3. Simplifying, we have, g(x) = 1 + 3
x
− 4

x3 . It is easy to see that

for x ≥ 2/
√
3, 3

x
≥ 4

x3 which implies that g(x) ≥ 1 for all x ≥ x1 = 2/
√
3 = 1.1547. So, for

x ≥ 1.1547, g(x) ≥ 1/C (since C > 1) which is equivalent to (x−1)
x3 ≥ 1

C(x+2)2
. The numeric

solution to g(x) = 1/C for C = 1.01 is x2 = 1.1525. It can be checked via the first derivative

test that g(x) is increasing in x2 ≤ x ≤ x1. Thus, indeed, g(x) ≥ 1/C for all x ≥ x2. Jence, we

have established so far that for C = 1.01,

x− 1

x3
≥ 1

C(x+ 2)2
∀ x ≥ x2 = 1.1525

e−x

2 + x
≥ 1

C(x+ 2)2
∀ x ≤ x0 = 1.1608
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Since, x2 ≤ x0, we have the required result that max
{

e−a

2+a
, a−1

a3

}
σ̇(z′) ≥ σ̇(z′)

C(2+a)2
for all a ≥ 0

which completes the proof. 2

Lemma 3.10 (Elliptic Potential Lemma) Let {zs}ts=1 be a sequence of vectors in Rd such

that ∥zs∥ ≤ L for any s ∈ [t]. Let Vt =
∑t−1

s=1 zsz
⊺
s + λI. Then,

t∑
s=1

∥zs∥2V −1
s
≤ 2d log

(
1 +

tL2

λd

)
.

Now, we present the confidence set properties of function approximation. We use the same

notations as [8].

Let (Xp, Yp)p≥1 be a sequence of random elements, Xp ∈ X for some measurable set X

and Yp ∈ R. Let F be a subset of the set of real-valued measurable functions with domain

X. Let F = (Fp)p≥0 be a filtration such that for all p ≥ 1, (X1, Y1, . . . , Xp−1, Yp−1, Xp) is

Fp−1 measurable and such that there exists some function f ∗ ∈ F such that E[Yp | Fp−1] =

f ∗(Xp) holds for all p ≥ 1. The (nonlinear) least-squares predictor given (X1, Y1, . . . , Xt, Yt)

is f̂t = argminf∈F
∑t

p=1(f(Xp)− Yp)
2. We say that Z is conditionally ρ-subgaussian given the

σ-algebra F if for all λ ∈ R, logE[exp(λZ) | F] ≥ 1
2
λ2ρ2. For α > 0, let Nα be the ∥·∥∞-

covering number of F at scale α. That is, Nα is the smallest integer for which there exist

G ⊂ F with Nα elements such that for any f ∈ F, ming∈G∥f − g∥∞ ≤ α. For β > 0, define

Ft(β) = {f ∈ F :
∑t

s=1(f(Xs)− f̂t(Xp))
2 ≤ β}.

Lemma 3.11 (Theorem 5 of [8]) Let F be the filtration defined above and assume that the

functions in F are bounded by the positive constant C > 0. Assume that for each s ≥ 1,

(Yp− f ∗(Xp))p is conditionally σ-subgaussian given Fp−1. Then, for any α > 0, with probability

1− δ, for all t ≥ 1, f ∗ ∈ Ft(βt(δ, α)), where

βt(δ, α) = 8σ2 log(2Nα/δ) + 4tα
(
C +

√
σ2 log(4t(t+ 1)/δ)

)
.

Lemma 3.12 (Lemma 2 of [77]) Let F ∈ B∞(X, C) be a set of functions bounded by C > 0,

(Ft)t≥1 and (xt)t≥1 be sequences such that Ft ⊂ F and xt ∈ X hold for t ≥ 1. Let F |x1:t=

{(f(x1), . . . , f(xt)) : f ∈ F}(⊂ Rt) and for S ⊂ Rt, let diam(S) = supu,v∈S∥u − v∥2 be the

diameter of S. Then, for any T ≥ 1 and α > 0 it holds that

T∑
t=1

diam(Ft |xt) ≤ α + C(d ∧ T ) + 2δT
√
dT

where δT = max1≤t≤T diam(Ft |xt) and d = dimE(F, α) is the Eluder Dimension of F.
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3.9 Conclusion

In this work, we studied whether sampling prompts uniformly at random from a dataset to

solicit feedback is sample efficient. We first showed that this method can suffer a constant

suboptimality gap when aligning a language model policy with human preferences. Next,

we characterized the sub-optimality gap lower bound for any active-learning algorithm with

sample budget T and problem dimension d, showing it to be Ω(d/
√
T ). Then, we proposed an

algorithm APO, which actively samples prompts to achieve an Õ(d/
√
T ) sub-optimality gap. We

also extended the results of APO to general function approximation to better capture modern-

day RLHF training. Finally, we showed its efficacy over the random-sampling baseline on

practical datasets. Although APO’s sub-optimality gap is minimax optimal in d and T , the

optimal dependence on κ is unknown and seems to be an interesting future work.
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Chapter 4

Auditing Fairness under Partial

Feedback

4.1 Problem Formulation

In the fairness audit problem, we are interested in testing the fairness of a given classifier

f : X × A → {0, 1}. Here X denotes the set of features and A denotes the group labels of

individuals. Every individual is characterized by a random tuple (X,A, Y ), X ∈ X, A ∈ A and

Y ∈ {0, 1}, where Y is the true label of the individual. If f(X,A) = 1 for an individual, the

individual is classified as positive; otherwise, they are classified as negative. The distribution D

of (X,A, Y ) is unknown to the auditor. We adopt equalized odds as our primary fairness notion

for the remainder of the thesis, although our techniques can also be applied to other fairness

metrics such as demographic parity [28] and equal opportunity [36].

Throughout this chapter, we use the shorthand notation f := f(X,A) whenever there is no

ambiguity regarding X and A. We define P[f | Y,A] := PX [f(X,A) | Y,A]. The equalized odds

difference is defined as [36]:

∆ := max
y∈{0,1}

max
a,a′∈A

∣∣P[f = 1|Y = y, A = a]− P[f = 1|Y = y, A = a′]
∣∣

Under this notion, a classifier f is said to be fair if ∆ ≤ γ and unfair if ∆ > γ + ε for some

γ ≥ 0, ε > 0. We pose the fairness audit of f as a hypothesis testing problem:

Definition 4.1 ((γ, ε, δ)-Fairness Audit) Given γ ≥ 0, ε, δ ∈ (0, 1), an algorithm/auditor is

said to succeed in the (ε, δ)-fairness audit if with probability at least 1−δ it can identify correctly

which of the following hypotheses is true: (i) FAIR : ∆ ≤ γ, OR (ii) UNFAIR : ∆ > γ + ε.
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The parameter γ can be seen as a fairness threshold which the classifier must comply with and

whose value can be chosen according to the requirement of the problem.

Partial Feedback: We now describe the (γ, ε, δ)-fairness audit under the partial feedback

(PF) model. In the vanilla PF model, the true label is revealed for positively classified indi-

viduals only, e.g., the loan default (Y ∈ {0, 1}) can only be observed after the loan is given

(f = 1) by the bank. However, we allow the auditor to request true labels by overriding the

negative classification made by the decision-maker. Hence the auditor can explore additional

data, which is necessary for the following reason. In our model, an auditor can access (X,A, Y )

of individuals who were classified positively in the past by f , but only (X,A) of individuals who

were classified negatively. From this database, the probability P[f = 1, Y = y, A = a], can be

estimated, but not P[f = 0, Y = y, A = a], since Y is unknown when f = 0. Hence, we let the

auditor access online samples from D and request X and Y of negatively classified individuals.

With this blend of past and online data, the auditor must succeed in (γ, ε, δ)-fairness audit.

Cost model: We now introduce a novel but natural cost model for exploring online data

motivated by practical examples of the partial feedback setting like bank loan applications

[49], criminal recidivism [5], and college admissions [24]. The auditor can observe the sensitive

attribute of the individual but is charged a fixed cost cfeat ≥ 0 every time they request only

the feature of an individual for whom f = 0. If the auditor requests only the true label or both

the feature and the true label of such an individual, they are charged cfeat + clab · 1{Y = 0},
clab ≥ 0. We illustrate the motivation of this cost definition through the example of bank

loan application. Firstly, there may be a cost involved in collecting the personal details of

an individual, which is captured by cfeat and incurred to the auditor when the bank does not

approve the loan. Secondly, to obtain the true label, the auditor has to force the bank (since

f = 0) to give loan to the individual. If the individual fails to return the loan (Y = 0), only

then the bank suffers a monetary loss. To capture this asymmetry, we define the cost formally

below.

Definition 4.2 (Audit Cost) Let the auditor conclude the (γ, ε, δ)-fairness audit after run-

ning their algorithm on N iid individuals sampled from D and let gi and hi respectively denote

whether the auditor observes the feature only, and the true label of the i-th individual. Then,

the audit cost is:

cost :=
N∑
i=1

E
[
cfeat · 1{gi = 1 or hi = 1, f = 0}+ clab · 1{hi = 1, Y = 0, f = 0}

]
.

Typically, cfeat ≪ clab, e.g. in the bank loan application, the cost of loan default is much
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higher than the loan processing fee, credit risk assessment etc. For the partial feedback setting,

the audit cost is a more effective performance measure than the usual sample complexity in

capturing the asymmetry in the cost of true label realization. Further, since the auditor might

request features and labels separately, it is not clear what should count towards sample com-

plexity. To this end, the cost definition provides a unified measure of performance of fairness

audit algorithms in the partial feedback setting. Hence, with this novel definition of audit cost,

we now state the main question studied in this work:

Can we design an algorithm that succeeds in the (γ, ε, δ)-fairness audit with as small

audit cost as possible?

In this work, we study this question under two models of data distribution—blackbox and

mixture. In the blackbox model, no assumption about the data distribution is made. In

the mixture model, the distribution of (X, Y ) conditioned on A, is assumed to come from a

mixture of exponential family distributions. Recall that an exponential family distribution over

covariate Z (domain Z) and with parameter θ ∈ Rd is given by the probability density function

Eθ(Z) := h(Z) exp(θ⊤T (Z) −W (θ)), where h : Z → R is the base measure, T : Z → Rd is

the sufficient statistics and W : Rd → R is the log-partition function. With different choices

of h, T and W , one can capture many different distributions in this class, notably, multivariate

Gaussian, Poisson, Exponential and Binomial.

In our mixture model, the class of distribution from the exponential family is known (i.e.,

h, T and W are known). The data (X,A, Y ) is generated is as follows: first a group label A

is sampled, then true label Y is sampled as Y ∼ Ber(q1|A) and finally, feature X is sampled as

P[X | Y,A] = Eθ∗Y,A
(X) = h(X) exp(θ∗⊤Y,AT (X) −W (θ∗Y,A)), where θ∗y,a ∈ Θ ⊂ Rd, y ∈ {0, 1},

a ∈ A, are unknown. Here Θ is a known convex set.

In the following section, we highlight our main results which includes the audit cost of a

natural baseline algorithm, followed by an improved cost algorithm for the blackbox model

and a matching lower bound. Next, for the mixture model, we design another algorithm that

further improves the cost.

4.2 Our Results

We denote by qy,a := P[Y = y, A = a], qy|a := P[Y = y | A = a] for all y ∈ {0, 1} and a ∈ A.

Note that qy,a = qy|a · P[A = a], therefore qy,a ≤ qy|a. Next, we state the key results of this

work. All our results hold for arbitrary classifier f , and our techniques extend to other fairness

metrics like demographic parity and equal opportunity.

Recall that due to partial feedback, true labels for negatively classified individuals are not
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observed. Hence, a natural baseline audit policy is to request true label for every individual

with f = 0. We have the following characterization of the audit cost of this policy (proof

in Section 4.6.1).

Theorem 4.1 Given γ ≥ 0, ε, δ ∈ (0, 1), under the blackbox model, the audit policy that

requests true labels of every individual with f = 0 (Algorithm 7) succeeds in the (γ, ε, δ)-fairness

audit with cost ≤ Õ
(∑

a∈A
∑

y∈{0,1}
cfeatP[f=0]+clabP[f=0,Y=0]

qy,aε2

)
. Moreover, the number of true

labels requested by this policy is at most Õ(
∑

a∈A
∑

y∈{0,1}
P[f=0]
qy,aε2

).

Next, we give an algorithm RS-Audit (Algorithm 8) that has improved audit cost using

rejection sampling. This algorithm requests an optimal number of true labels, indicating that

characterization of the blackbox case is essentially complete. In the design of RS-Audit (and

the baseline), we use a threshold-based stopping time construction to decide when to stop

requesting true labels. The analysis requires concentration properties of the Negative Binomial

distribution, instead of the usual Chernoff bounds (Lemma 4.15). Below we formally state the

guarantees (proof in Section 4.3.2).

Theorem 4.2 For γ ≥ 0, ε, δ ∈ (0, 1), in the blackbox model, Algorithm 8 (RS-Audit) suc-

ceeds in (γ, ε, δ)-fairness audit with cost ≤ Õ
(∑

a∈A
∑

y∈{0,1}
cfeatP[f=0|A=a]+clabP[f=0,Y=0|A=a]

qy|aε2

)
.

Moreover, the number of true labels requested by this policy is at most Õ(
∑

a∈A
∑

y∈{0,1}
P[f=0|A=a]

qy|aε2
).

RS-Audit runs in polynomial time. The audit cost and the number of true labels re-

quested by it is lower than the baseline since P[f=0,Y=0,A=a]
qy,a

≤ P[f=0,Y=0]
qy,a

and P[f=0,A=a]
qy,a

≤
P[f=0]
qy,a

. Hence, the number of true labels requested by the baseline is more than RS-Audit by

Ω̃(
∑

y∈{0,1},a∈A
P[f=0,A ̸=a]

qy,aε2
). and the audit cost by Ω̃(

∑
y∈{0,1},a∈A

cfeatP[f=0,A ̸=a]+clabP[f=0,Y=0,A ̸=a]

qy,aε2
).

Next, we show a lower bound on the cost incurred by any algorithm for auditing (proof in Sec-

tion 4.3.3).

Theorem 4.3 (Lower Bound) Under the blackbox setting, for any ε ∈ (0, 1/8) and δ ∈ (0, 1),

there exists a family of instances characterized by γ = 0, qy|a, and P[f = 0 | A = a] for y ∈ {0, 1}
and a ∈ A, even with |A| = 2, such that any algorithm with finite expected running time that suc-

ceeds in the (ε, δ)-fairness test must suffer at least Ω̃
(∑

a∈A
∑

y∈{0,1}
cfeatP[f=0|A=a]+clabP[f=0,Y=0|A=a]

qy|aε2

)
cost in expectation.

Note that the audit cost incurred by RS-Audit (Algorithm 8) is within log factors of the

lower bound. This in turn indicates that the characterization of the blackbox model is complete.

To enrich our understanding of the fairness audit problem under partial feedback, we consider
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mixture models under some mild structural assumptions. In the mixture model setting, we

make the following assumptions:

Assumption 3 (Structural) (i) P[f = 1 | Y = y, A = a] ≥ α > 0 for some known constant

α, (ii) Eθ(X) is log-concave in X, κI ⪯ ∇2W (θ) ⪯ λI with 0 < κ < λ and W is L-Lipschitz

for all θ ∈ Θ, T (X) has components polynomial in X, B(θ∗y,a,
1
β
) ⊂ Θ for some β > 0 for all

y ∈ {0, 1} and a ∈ A.

Without loss of generality, let κ ≤ 1 and L, β ≥ 1. All these assumptions except Lipschitzness

are from [54] which are used to recover model parameters from truncated data. The positivity

assumption (i) also appears in other partial feedback works like [45] and ensures that enough

probability mass lies on the positive classification, allowing the distribution recovery. The as-

sumptions in (ii) ensure computational efficiency and concentration bounds. These assumptions

along with Lipschitzness are mild and are satisfied by several popular distributions like Gaus-

sian, Exponential and continuous Bernoulli for bounded parameter sets (see Appendix 4.8).

Assumption 4 (Separation) With qM,a := q1|a∨q0|a and qm,a := q1|a∧q0|a, let for all a ∈ A:

∥θ∗1,a − θ∗0,a∥ ≥

√
48(L ∨ β)β + 3λ

8κβ2
log

(
10qM,a

qm,aε

)
(4.1)

This separation assumption between parameters enables us to construct an approximate oracle

to learn the mixture weights without requesting labels. Such an assumption has been considered

in the context of mixture of spherical Gaussians in [61] and has been shown to be mild (and

tight) condition for low Bayes error rate (see their Table 1 & Remark 8). We provide further

discussion in Section 4.4 Remark 11.

Given these aforementioned assumptions, we state our next result which provides an au-

diting algorithm and its cost bound for the structured setting of the mixture model (proof

in Section 4.7).

Theorem 4.4 Given γ ≥ 0, ε, δ ∈ (0, 1), under the mixture model and assumptions 3 and 4,

Exp-Audit (Algorithm 9) succeeds in (γ, ε, δ)-fairness audit with cost ≤ Õ

(∑
a∈A

(
cfeatP[f=0|A=a]

qm,aε2
+

∑
y∈{0,1}

clabP[f=0,Y=0|A=a]
qy|a

))
.

Moreover, Exp-Audit runs in polynomial time. The above theorem shows that under struc-

tural and separation assumptions on the data distribution, algorithm with better audit cost
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exists. Notably, the cost term concerning clab is a problem-dependent constant and indepen-

dent of ε. Our algorithm consists of two key components. First is to view the historical partial

feedback data as a collection of truncated samples, thereby applying algorithms for learning

distribution parameters from truncated samples [54]. Second is learning mixture weights with

approximate MAP oracle for mixture of exponential family. We believe the first component to

be a conceptual contribution since it motivates studying partial feedback, an important setting

in fairness in decision-making, through the lens of truncated samples. For the second compo-

nent, we generalize [61] from spherical Gaussians to exponential family, which we believe could

be of independent interest.

4.3 Fairness Audit under Blackbox Model

In this section we describe the algorithms for fairness audit under partial feedback for the

blackbox model. We first describe the working of the natural baseline policy (Algorithm 7)

and then another algorithm RS-Audit (Algorithm 8) which improves upon the audit cost and

sample complexity of the baseline policy. Finally, we close the section with the construction

and the proof of the lower bound (Theorem 4.3).

Recall that in the audit model under partial feedback, the auditor has to request the true

label Y of a negatively classified individual by paying a cost. For the auditor to succeed in

fairness audit, it suffices to estimate P[f = 1 | Y = y, A = a] for all y ∈ {0, 1} and a ∈ A.

For a given a ∈ A and y ∈ {0, 1}, P[f = 1 | Y = y, A = a] = P[f=1,Y=y,A=a]
P[Y=y,A=a]

. First, note

that py,a := P[f = 1, Y = y, A = a] can be estimated from past database using a simple

empirical estimate 1
n

∑n
i=1 1{fi = 1, Yi = y, Ai = a} without incurring any cost. As the size

of the database n grows, this estimate becomes more accurate. Henceforth, we will focus on

estimation of qy,a which requires online data, although we will specify how large n is sufficient

for the fairness audit.

Baseline (Algorithm 7). To estimate qy,a, a natural policy is to observe the true labels

of all negatively classified individuals. To correctly identify the true hypothesis, it is sufficient

to estimate py,a and qy,a within a multiplicative factor of 1± ε
12

for all y ∈ {0, 1} and a ∈ A (see

proof of Theorem 4.1, Eq. (4.6) in Section 4.6.1). For a fixed y ∈ {0, 1} and a ∈ A, Õ( 1
py,aε2

)

and Õ( 1
qy,aε2

) samples are sufficient, respectively, via Chernoff bound (Lemma 4.15). Therefore,

the auditor can stop after observing Õ( 1
qy,aε2

) true labels from online data (including f = 1

individuals, and those the auditor requests). However, this insight does not translate into an

algorithm since py,a and qy,a are unknown.

Hence, we base our algorithm on a random stopping time that depends on an appropriately

chosen threshold τ which is a function of ε, δ and |A| only. The stopping time for qy,a estimation
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is defined as Ny,a := min{t ≥ 1 :
∑t

i=1 1{Yi = y, Ai = a} ≥ τ} and likewise define N ′
y,a for

py,a but with 1{fi = 1, Yi = y, Ai = a}. In other words, for every y ∈ {0, 1} and a ∈ A, the

auditor keeps requesting true labels of individuals till a total (including f = 1 individuals) of

τ individuals with Y = y and A = a are observed. Thereafter, q̂y,a = τ
Ny,a

and p̂y,a = τ
N ′

y,a

act as an estimate of qy,a and py,a respectively. Using concentration of Negative Binomials

(Lemma 4.13), we show that these estimates are within 1 ± ε
12

factor of qy,a and py,a. The

auditor then computes ∆̂ = maxy∈{0,1},a,a′∈A| p̂y,aq̂y,a
− p̂y,a′

q̂y,a′
| and concludes UNFAIR if ∆̂ > γ + ε

2

and FAIR otherwise. The details of the algorithm are presented in Algorithm 7.

Algorithm 7: Baseline Audit Algorithm

Input: ε, δ ∈ (0, 1), past database D.
1 Set τ = 576 log(8|A|/δ)/ε2 for y ∈ {0, 1} do
2 for a ∈ A do
3 Observe the true labels Y of individuals till τ individuals with Y = y and A = a

have been observed (including individuals with f = 1). Let the number of
individuals whose true labels are observed be N .

4 Iterate over the past database D of the decision-maker till τ individuals with
f = 1, Y = y and A = a are observed. Let the number of individuals iterated
over be N ′.

5 Set q̂y,a =
τ
N

and p̂y,a =
τ
N ′ .

6 Set ∆̂ = maxy∈{0,1}maxa,a′∈A

∣∣∣ p̂y,aq̂y,a
− p̂y,a′

q̂y,a′

∣∣∣.
7 if ∆̂ > ε

2
then

8 return UNFAIR.

9 else
10 return FAIR.

4.3.1 RS-Audit: Rejection Sampling based Audit

We start with the observation that P[f = 1 | Y = y, A = a] can also be written as:

P[f = 1 | Y = y, A = a] =
P[f = 1, Y = y | A = a]

P[Y = y | A = a]
.

The key insight from this expression is that it suffices to estimate the conditional quantities

py|a := P[f = 1, Y = y | A = a] and qy|a instead of the joint probabilities py,a and qy,a. With this,

we describe RS-Audit (Algorithm 8). For a fixed a ∈ A, RS-Audit overlooks all samples with

A ̸= a, hence simulating samples from distribution conditioned on A = a via rejection sampling.

In this distribution conditioned on A = a, RS-Audit estimates qy|a via a similar stopping time
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Algorithm 8: RS-Audit: Fairnes Audit Algorithm for Blackbox Model

Input: ε, δ ∈ (0, 1) and past database D, then set τ = 576 log(8|A|/δ)/ε2.
1 for y ∈ {0, 1} do
2 for a ∈ A do
3 N ← Online(τ, y, a), N ′ ← Past(D, τ, y, a).
4 Set q̂y|a =

τ
N

and p̂y|a =
τ
N ′ .

5 ∆̂ = maxy∈{0,1},a,a′∈A

∣∣∣ p̂y|aq̂y|a
− p̂y|a′

q̂y|a′

∣∣∣.
6 if ∆̂ > γ + ε

2
then

7 return UNFAIR.

8 else
9 return FAIR.

construction: Ny|a = min{ta ≥ 1 :
∑ta

i=1 1{Yi = y} ≥ τ}, where ta denotes the number of

individuals with A = a. This is done via the subroutine Online(τ, y, a) that returns the number

of true labels Ny|a observed (including both f = 1 individuals, and those the auditor requests)

till τ individuals with label Y = y are observed. Similarly, py|a is estimated via subroutine

Past(D, τ, y, a) from past database D after removing all individuals with A ̸= a to obtain Da

and then using similar stopping time N ′
y|a = min{t′a ≥ 1 :

∑t′a
i=1 1{fi = 1, Yi = y} ≥ τ},

i.e., counting the data points in Da sequentially till τ individuals with {f = 1, Y = y} are

observed. The estimates q̂y|a = τ
Ny|a

and p̂y|a = τ
N ′

y|a
are within a factor of (1 ± ε

12
)) of their

true values (proved using concentration of Negative Binomials (Lemma 4.13)). Finally, the

algorithm computes ∆̂ = maxy∈{0,1},a,a′∈A|
p̂y|a
q̂y|a
− p̂y|a′

q̂y|a′
| and concludes UNFAIR if ∆̂ > γ + ε

2
and

FAIR otherwise.

Remark 7 Although RS-Audit and baseline (Algorithm 7) are superficially similar, these are

two conceptually different algorithms. The novel insight of not observing the true labels for

individuals with A ̸= a when trying to estimate qy|a exploits the structure of the audit cost

under partial feedback where A is observable without cost, which accrues only when the auditor

requests the true labels. Moreover, we crucially identify the right amount of information needed

to estimate P[f = 1 | Y = y, A = a], namely, samples of true labels from the distribution

P[Y | A = a]. Combining these two observations leads to RS-Audit, which is nearly optimal

in cost complexity (see Theorem 4.3). Moreover, due to these observations, the gap in sample

complexity of baseline over RS-Audit is roughly Ω̃
(∑

y∈{0,1},a∈A
P[f=0,A ̸=a]

qy,aε2

)
and the difference

in audit cost is roughly Ω̃
(∑

y∈{0,1},a∈A
cfeatP[f=0,A ̸=a]+clabP[Y=0,f=0,A ̸=a]

qy,aε2

)
.
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4.3.2 Proof of Theorem 4.2

In this section we present the analysis of RS-Audit (Algorithm 8) under the blackbox model.

Recall that the quantities of interest are py,a := P[f = 1, Y = y, A = a], qy,a := P[Y = y, A = a],

py|a := P[f = 1, Y = y | A = a], and qy|a := P[Y = y | A = a] for all y ∈ {0, 1} and a ∈ A. Note

that py,a = py|a · P[A = a], therefore py,a ≤ py|a, and similarly, qy,a ≤ qy|a. We now state the

proof of Theorem 4.2 restated below.

Theorem 4.2 For γ ≥ 0, ε, δ ∈ (0, 1), in the blackbox model, Algorithm 8 (RS-Audit) suc-

ceeds in (γ, ε, δ)-fairness audit with cost ≤ Õ
(∑

a∈A
∑

y∈{0,1}
cfeatP[f=0|A=a]+clabP[f=0,Y=0|A=a]

qy|aε2

)
.

Moreover, the number of true labels requested by this policy is at most Õ(
∑

a∈A
∑

y∈{0,1}
P[f=0|A=a]

qy|aε2
).

Proof: The proof essentially follows similar arguments as in the proof of Theorem 4.1 with

the crucial difference that we now consider the conditional distributions P[Y | A]. This is

because Algorithm 8 iterates over all y ∈ {0, 1} and a ∈ A with the key difference that in

a particular iteration, i.e., for a fixed y ∈ {0, 1} and a ∈ A, the algorithm only requests the

true labels of individuals with A = a. This is akin to collecting samples from the conditional

distribution obtained by conditioning on A = a. Therefore, the arguments have to be adapted

to the conditional distribution.

In particular, let us fix y ∈ {0, 1} and a ∈ A. Let Ny|a be the number of samples col-

lected by the algorithm in the corresponding iteration (Step 4 of the algorithm). Consider

the event Ey,a := {Ny|a ∈
(
1± ε

12

) 576 log(8|A|/δ)
ε2qy|a

} (recall that qy|a = P[Y = y | A = a]).

From Lemma 4.13, with τ = 576 log(8|A|/δ)
ε2

, we have that P[Ec
y,a] ≤ δ

4|A| . Therefore, the event

E := ∩(y,a)∈{0,1}×AEy,a happens with probability at least 1− δ
2
by Union Bound. We also define

F := {N ′
y|a ∈

(
1± ε

12

) 576 log(8|A|/δ)
ε2py|a

}, where N ′
y|a is the number of samples collected in Step

5 of the algorithm. Once again, by application of Lemma 4.13 and Union Bound, the event

F := ∩(y,a)∈{0,1}×AFy,a happens with probability at least 1− δ
2
. Therefore, P[E ∩ F] ≥ 1− δ.

Under E, the total number of online samples collected by Algorithm 8 is

N :=
∑

(y,a)∈{0,1}×A

Ny|a ≤
∑

(y,a)∈{0,1}×A

(
1 +

ε

12

) 576 log(8|A|/δ)
ε2qy|a

≤
∑

(y,a)∈{0,1}×A

13

12
· 576 log(8|A|/δ)

ε2qy|a
(ε < 1)

=
∑
a∈A

∑
y∈{0,1}

624 log(8|A|/δ)
ε2qy|a

.
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Note that Ny|a samples are collected by the algorithm under the conditional distribution

P[Y | A = a]. Therefore, the expected number of samples actually requested by the algorithm

is Ny|a · P[f = 0 | A = a]. Similarly, the audit cost of Ny|a samples is Ny|a(cfeatP[f = 0 | A =

a] + clabP[f = 0, Y = 0 | A = a]). Therefore, the expected number of samples requested by the

algorithm is at most

∑
y∈{0,1}

∑
a∈A

Ny|a · P[f = 0 | A = a] ≤
∑
a∈A

∑
y∈{0,1}

624 · P[f = 0 | A = a] log(8|A|/δ)
ε2qy|a

.

Similarly, the audit cost of Algorithm 8 can be bounded as

cost =
∑

y∈{0,1}

∑
a∈A

Ny|a(cfeatP[f = 0 | A = a] + clabP[f = 0, Y = 0 | A = a])

≤
∑
a∈A

∑
y∈{0,1}

624(cfeatP[f = 0 | A = a] + clabP[f = 0, Y = 0 | A = a]) log(8|A|/δ)
ε2qy|a

.

The correctness of Algorithm 8 can be shown in the same way as in the proof of Theorem 4.1.

This is because under event E∩F, we have q̂y|a = τ
Ny|a

= 576 log(8|A|/δ)
ε2Ny|a

. Hence,
qy|a
1+ ε

12
≤ q̂y|a ≤

qy|a
1− ε

12
.

Similarly,
py|a
1+ ε

12
≤ p̂y|a ≤

py|a
1− ε

12
. Hence,

(1− ε
12
)py|a

(1 + ε
12
)qy|a

≤
p̂y|a
q̂y|a
≤

(1 + ε
12
)py|a

(1− ε
12
)qy|a

. (4.2)

Using Lemma 4.3 and the fact that 0 ≤ py|a
qy|a
≤ 1, we finally have,

py|a
qy|a
− ε

6
≤

p̂y|a
q̂y|a
≤

py|a
qy|a

+
ε

3
.

Since the above holds for all (y, a) ∈ {0, 1}×A under E∩F, we therefore have, for a particular

y ∈ {0, 1} and a, a′ ∈ A,

py|a
qy|a
−

py|a′

qy|a′
− ε

2
≤

p̂y|a
q̂y|a
−

p̂y|a′

q̂y|a′
≤

py|a
qy|a
−

py|a′

qy|a′
+

ε

2
.

From this, we can conclude that∣∣∣∣∣∣∣∣ p̂y|aq̂y|a
−

p̂y|a′

q̂y|a′

∣∣∣∣− ∣∣∣∣py|aqy|a
−

py|a′

qy|a′

∣∣∣∣∣∣∣∣ ≤ ε

2
. (4.3)
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Suppose the true hypothesis is UNFAIR. Let y∗ ∈ {0, 1} and a1, a2 ∈ A, a1 ̸= a2 be such that

|P[f = 1 | Y = y∗, A = a1] − P[f = 1 | Y = y∗, A = a2]| =
∣∣∣py∗|a1qy∗|a1

− py∗|a2
qy∗|a2

∣∣∣ > γ + ε. Then, we

have,

∆̂ ≥
∣∣∣∣ p̂y∗|a1q̂y∗|a1

−
p̂y∗|a2
q̂y∗|a2

∣∣∣∣ (Definition of ∆̂ (Step 9 of Algorithm 8))

≥
∣∣∣∣py∗|a1qy∗,a1

−
py∗|a1
qy∗|a2

∣∣∣∣− ε

2
(Equation (4.7))

> γ + ε− ε

2
(
∣∣∣py∗|a1qy∗|a1

− py∗|a2
qy∗|a2

∣∣∣ > γ + ε)

= γ +
ε

2
.

The algorithm therefore outputs UNFAIR (Step 10). Hence, under the hypothesis UNFAIR, the

algorithm’s output is correct.

Next, suppose the true hypothesis is FAIR. Then, we have for all y ∈ {0, 1} and a, a′ ∈ A,

|P[f = 1 | Y = y, A = a]− P[f = 1 | Y = y, A = a′]| =
∣∣∣∣py|aqy|a

−
py|a′

qy|a′

∣∣∣∣ ≤ γ .

Hence, by Equation (4.3), we can conclude that for all y ∈ {0, 1} and a, a′ ∈ A,∣∣∣∣ p̂y|aq̂y|a
−

p̂y|a′

q̂y|a′

∣∣∣∣ ≤ ∣∣∣∣py|aqy|a
−

py|a′

qy|a′

∣∣∣∣+ ε

2

≤ γ +
ε

2
. (

∣∣∣py|aqy|a
− py|a′

qy|a′

∣∣∣ ≤ γ)

In particular, we have ∆̂ = maxy∈{0,1}maxa,a′∈A

∣∣∣ p̂y|aq̂y|a
− p̂y|a′

q̂y|a′

∣∣∣ ≤ ε
2
. Hence, the algorithm outputs

FAIR implying that the algorithm’s output is correct.

Since the output of the algorithm is correct under both the hypotheses, one can conclude

the output of the algorithm is always correct. Note that we assumed event E∩F to hold, under

which the correctness of our algorithm was derived. Therefore, our algorithm is correct with

probability at least 1− δ. The theorem stands proved. 2

4.3.3 Lower Bound for the Blackbox Model: Proof of Theorem 4.3

In this section, we describe the construction of the lower bound instance and prove Theorem 4.3.

In order to do so, we first formalize the sequential interaction between the auditor and the data.

Canonical Partial Feedback Model. Let us consider the sequential interaction of an al-

gorithm π with a partial feedback system given A = a, that is, the algorithm only observes
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samples from the conditional distribution A = a. At round t, the environment first generates

an iid sample (Yt, ft), where Yt is the true label and ft is the classifiers decision. First, the ft

is visible to the algorithm. If ft = 1, the algorithm takes no action (denote by xt = ⊚) on

the environment (i.e., only internal computations). Then Zt = Yt is revealed to the algorithm.

The round ends and the algorithm can update its policy from πt to πt+1. On the other hand, if

ft = 0, the algorithm must decide whether to observe Yt (action xt = 1) or not (action xt = 0).

If xt = 1, the label Yt is revealed to the algorithm, i.e., Zt = Yt, else Zt = ⋆. After this, the

algorithm updates its policy to πt+1.

This gives rise to a natural filtration Ft = σ(f1, x1, Z1, f2, x2, Z2, . . . , ft, xt, Zt). Let us

consider the probability of this random vector {f1, . . . , Zt} under some hypothesisM generating

the data.

PMπ(f1, x1, Z1, . . . , ft, xt, Zt)

=
t∏

s=1

PMπ[Zs | f1, . . . , xs] · PMπ[xs | f1, x1, Z1, . . . , fs] · PMπ[fs | f1, . . . , Zs−1]

=
t∏

s=1

PMπ[Zs | fs, xs] · πs(xs | f1, x1, Z1, . . . , fs) · PM [fs]

Here, we have used the fact that the samples ft’s are iid and Zt is conditionally independent

of the past given ft and xt, so that PMπ[Zs | f1, . . . , xs] = PMπ[Zs | fs, xs] and PMπ[fs |
f1, . . . , Zs−1] = PM [fs].

Now suppose there is an alternate hypothesis that also generates the data such that PN [ft] =

PM [ft]. Then, we have

PM(f1, x1, Z1, . . . , ft, xt, Zt)

PN(f1, x1, Z1, . . . , ft, xt, Zt)
=

t∏
s=1

PM [Zs | fs, xs] · πs(xs | f1, . . . , fs) · PM [fs]

PN [Zs | fs, xs] · πs(xs | f1, . . . , fs) · PN [fs]
=

t∏
s=1

PM [Zs | fs, xs]

PN [Zs | fs, xs]

(4.4)

Lemma 4.1 (Divergence Decomposition for Canonical Partial Feedback Model) Suppose

M and N are two hypotheses for the canonical partial feedback model defined above and let π

be an algorithm interacting with this feedback model till round t ∈ N. Let Mπ and Nπ denote the

probability measures under M and N respectively for the random vector (f1, x1, Z1, . . . , ft, xt, Zt).

If it holds that PN [ft] = PM [ft], then, with Vt = (f1, x1, Zt, . . . , Zt)

DKL(PMπ[Vt] ∥ PNπ[Vt]) = t · PM [f = 1] ·DKL(PM [Y | f = 1] ∥ PN [Y | f = 1])
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+ EMπ[Lt] ·DKL(PMπ[Y | f = 0] ∥ PNπ[Y | f = 0]),

where Lt :=
∑t

s=1 1{fs = 0, xs = 1}.

Proof: We have that

DKL(PMπ[Vt] ∥ PNπ[Vt])

= EMπ

[
log

(
PM(f1, x1, Z1, . . . , ft, xt, Zt)

PN(f1, x1, Z1, . . . , ft, xt, Zt)

)]
= EMπ

[
t∑

s=1

log

(
PM [Zs | fs, xs]

PN [Zs | fs, xs]

)]
(via Equation (4.4) since PM [f ] = PM [f ])

=
t∑

s=1

EMπ

[
EMπ

[
log

(
PM [Zs | fs, xs]

PN [Zs | fs, xs]

) ∣∣∣∣(fs, xs)

]]

=
t∑

s=1

EMπ

[
DKL (PMπ[Zs | fs, xs] ∥ PNπ[Zs | fs, xs])

]
=

t∑
s=1

EMπ

[
1{fs = 1, xs = ⊚} ·DKL (PMπ[Zs | fs = 1, xs = ⊚] ∥ PNπ[Zs | fs = 1, xs = ⊚])

+ 1{fs = 0, xs = 0} ·DKL (PMπ[Zs | fs = 0, xs = 0] ∥ PNπ[Zs | fs = 0, xs = 0])

+ 1{fs = 0, xs = 1} ·DKL (PMπ[Zs | fs = 0, xs = 1] ∥ PNπ[Zs | fs = 0, xs = 1])
]

=
t∑

s=1

EMπ

[
1{fs = 1} ·DKL (PMπ[Ys | fs = 1] ∥ PNπ[Ys | fs = 1])

+ 1{fs = 0, xs = 0} ·DKL (PMπ[⋆ | fs = 0, xs = 0] ∥ PNπ[⋆ | fs = 0, xs = 0])

+ 1{fs = 0, xs = 1} ·DKL (PMπ[Ys | fs = 0, xs = 1] ∥ PNπ[Ys | fs = 0, xs = 1])
]

=
t∑

s=1

EM [1{f = 1}] ·DKL (PM [Y | f = 1] ∥ PN [Y | f = 1])

+ 0 + EMπ

[
t∑

s=1

1{fs = 0, xs = 1}

]
·DKL (PM [Y | f = 0] ∥ PN [Y | f = 0])

((fs, Ys) are iid samples)

= t · PM [f = 1] ·DKL (PM [Y | f = 1] ∥ PN [Y | f = 1])

+ EMπ[Lt] ·DKL (PM [Y | f = 0] ∥ PN [Y | f = 0])

2
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Lemma 4.2 (Divergence Decomposition with Stopping Time) With notations same as

in Lemma 4.1, let π be an algorithm that interacting with the model till a (Ft)
∞
t=1-measurable

stopping time τ . Further, let EMπ[τ ] <∞. Let O be Fτ -measurable random variable. Then,

DKL(PMπ[O] ∥ PNπ[O]) ≤ EMπ[τ ] · PM [f = 1] ·DKL(PM [Y | f = 1] ∥ PN [Y | f = 1])

+ EMπ[Lτ ] ·DKL(PMπ[Y | f = 0] ∥ PNπ[Y | f = 0])

where Lτ is the stopped version of Lt.

Proof: The proof can be obtained by combining Lemma 4.1 with data processing inequality

and equation relating KL-divergences between push-forward measures. For reference see Proof

of Lemma 2.6 in [85]. 2

Now we restate Theorem 4.3 for the sample complexity lower bound in blackbox model and

present its proof.

Theorem 4.3 (Lower Bound) Under the blackbox setting, for any ε ∈ (0, 1/8) and δ ∈ (0, 1),

there exists a family of instances characterized by γ = 0, qy|a, and P[f = 0 | A = a] for y ∈ {0, 1}
and a ∈ A, even with |A| = 2, such that any algorithm with finite expected running time that suc-

ceeds in the (ε, δ)-fairness test must suffer at least Ω̃
(∑

a∈A
∑

y∈{0,1}
cfeatP[f=0|A=a]+clabP[f=0,Y=0|A=a]

qy|aε2

)
cost in expectation.

Proof: We will construct two instances with A = {0, 1} such that they are close, yet in one

case the classifier is fair and in the other, it is unfair. However since the instances are close, any

algorithm using less than a certain number of samples will not be able to distinguish between

the two.

Let p, q ∈ (0, 1) be constants to be decided later. We let P[Y = 1 | A = a] = q. The

classifier f is given as follows. Under the FAIR hypothesis, given Y = 1 and A = a, f ∼ Ber(1
2
)

and given Y = 0 and A = a, f ∼ Ber( p
2(1−q)

) for both a ∈ {0, 1}. On the other hand, in the

UNFAIR hypothesis, the distribution of f is as specified in Table 4.1.

Using the description of f above, we can generate Table 4.2 that shows the values of various

quantities of interest.

From Table 4.2, it can be seen that given A = a, PFAIR[f = 1 | A = a] = PUNFAIR[f = 1 | A =

a]. Therefore, PFAIR[f = 0 | A = a] = PUNFAIR[f = 0 | A = a] = 1− p+q
2

for all a ∈ cA. Moreover,

the PFAIR[Y = 1 | f = 1, A = a] = PUNFAIR[Y = 1 | f = 1, A = a]. Hence, DKL(PFAIR[Y | f =

1, A = a] ∥ PUNFAIR[Y | f = 1, A = a]) = 0. Finally, PFAIR[Y = 1 | f = 0, A = 1] = q

2(1− p+q
2

)
and

PUNFAIR[Y = 1 | f = 0, A = 1] = q(1+8ε)

2(1− p+q
2

)
.
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Given Distribution of f

Y = 1, A = 0 f ∼ Ber
(
1
2

)
Y = 1, A = 1 f ∼ Ber

(
1

2(1+4ε)

)
Y = 0, A = 0 f ∼ Ber

(
p

2(1−q)

)
Y = 0, A = 1 f ∼ Ber

(
p

2(1−q−4εq)

)
Table 4.1: Distribution of f under UNFAIR hypothesis.

Probability FAIR (same for both a) UNFAIR

a = 0 a = 1

P[f = 1, Y = 1 | A = a] q
2

q
2

q
2

P[f = 1, Y = 0 | A = a] p
2

p
2

p
2

P[f = 0, Y = 1 | A = a] q
2

q
2

q
2
(1 + 8ε)

P[f = 0, Y = 0 | A = a] 1− q − p
2

1− q − p
2

1− q − p
2
− 4εq

Table 4.2: Probability values of interest under the constructed f .

We set ε ∈ (0, 1
8
), p ∈ (0, 1

3
) and q ∈ (0, 1

3
) so that q(1 + 4ε) ≤ 1. It is easy to verify that

the equalized odds difference under the FAIR hypothesis is 0 (intuitively, the probabilities of

the classifier is the same for both the groups a ∈ {0, 1}). The equalized odds disparity gap of

the UNFAIR hypothesis is more than ε as can be seen below.

P[f = 1 | Y = 1, A = 0]− P[f = 1 | Y = 1, A = 1]

=
P[f = 1, Y = 1 | A = 0]

P[Y = 1 | A = 0]
− P[f = 1, Y = 1 | A = 1]

P[Y = 1 | A = 1]

=
q/2

q
− q/2

q(1 + 4ε)

=
1

2

(
1− 1

1 + 4ε

)
=

2ε

1 + 4ε
> ε (ε < 1

4
)

Next we lower bound the number of samples required by any algorithm to be able to conclude

which of the hypothesis is true. Suppose the auditing algorithm π is informed that the classifier

is biased only for a = 1 group. Then, it makes sense for the algorithm to sample only from the

distribution conditioned on A = 1.
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Consider the canonical partial feedback model with hypotheses M = FAIR and N = UNFAIR

when the distribution is conditioned on A = 1.

Let π interact with the model till some stopping time τ such that EFAIR,π[τ ] < ∞ and

EUNFAIR,π[τ ] < ∞. Here, PFAIR,π and PUNFAIR,π denote distribution of outcome generated by in-

teraction of π with the distributions PFAIR and PUNFAIR respectively. Let ALG ∈ {FAIR,UNFAIR}
be the output of the algorithm. Moreover, let PFAIR,π[ALG = UNFAIR] < δ and PUNFAIR,π[ALG =

FAIR] < δ, i.e., the algorithm π succeeds in the (ε, δ)-fairness audit. Then, we have:

2δ > PFAIR,π[ALG = UNFAIR] + PUNFAIR,π[ALG = FAIR]

≥ 1

2
exp (−DKL(PFAIR,π[ALG] ∥ PUNFAIR,π[ALG])) (Lemma 4.4)

≥ 1

2
exp (−EFAIR[Lτ ] ·DKL (PFAIR[Y | f = 0, A = 1] ∥ PUNFAIR[Y | f = 0, A = 1]))

(Lemma 4.2, DKL(PFAIR[Y | f = 1, A = a] ∥ PUNFAIR[Y | f = 1, A = a]) = 0)

=
1

2
exp

(
−EFAIR[Lτ ] ·DKL

(
Ber

(
q

2(1− p+q
2
)

)
∥ Ber

(
q(1 + 8ε)

2(1− p+q
2
)

)))
≥ 1

2
exp

(
−64 · EFAIR[Lτ ] · ε2 ·

q

2(1− p+q
2
)

)
(Lemma 4.5, q

2−p−q
≤ 1

3
and 8qε

2−p−q
≤ 1

2
for p, q ∈ (0, 1

3
) and ε ∈ (0, 1

4
))

Therefore, EFAIR[Lτ ] >
(1− p+q

2
) log(1/4δ)

32qε2
. Moreover, since Lemma 4.4 is symmetric, we also

have EUNFAIR[Lτ ] >
(1− p+q

2
) log(1/4δ)

64qε2
using Lemma 4.5. Hence, min{EFAIR[Lτ ],EUNFAIR[Lτ ]} >

(1− p+q
2

) log(1/4δ)

64qε2
. Therefore, under both the hypothesis, the algorithm must request Ω

(
P[f=0|A=1] log(1/δ)

P[Y=1|A=1]ε2

)
true labels in expectation to be able to output the correct hypothesis. Further, each requested

true label is associated with a cost of cfeat + clabP[Y = 0 | f = 0]. Thus, the total cost is at

least Ω
(

(cfeat+clabP[Y=0|f=0])·P[f=0|A=1] log(1/δ)

P[Y=1|A=1]ε2

)
= Ω

(
(cfeatP[f=0|A=1]+clabP[f=0,Y=0|A=a]) log(1/δ)

ε2

)
.

Repeating this argument over all combinations of y ∈ {0, 1} and a ∈ A concludes the proof

of the theorem. 2

4.4 Fairness Audit under Mixture Model

Recall that in the mixture model, given A = a, the true label is sampled according to Y ∼
Ber(q1|a), and given both A = a and Y = y, the feature of the individual is sampled according

to X ∼ Eθ∗y,a (see Section 4.1 & 4.2). Also, we denote c := (L, β, κ, α), which are some known

constants of the problem. Now we describe Exp-Audit (Algorithm 9) solving fairness audit

under partial feedback in this model with a significantly lower audit cost than the blackbox
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Algorithm 9: Exp-Audit: Audit for Mixture Model

Input: ε, δ ∈ (0, 1), past database D, classifier f , c = (L, β, κ, α), parameter set Θ.

1 Set ε′ = 1
10
, τ ′ = 4 log(14|A|/δ)

ε′2
, τ = 576 log(14|A|/δ)

ε2
.

2 for a ∈ A do
3 for y ∈ {0, 1} do
4 Set θ̂y,a = TruncEst(Dy,a, f,

ε
2β
, δ
14|A| , c,Θ).

5 N ′ ← Online(τ ′, y, a), N ← Past(D, τ, y, a).

6 Set q̃y|a =
τ ′

N ′ and p̂y|a =
τ
N
.

7 Create MAP oracle: Ma(x) = argmax
y∈{0,1}

q̃y|aEθ̂y,a
(x).

8 Let q̃m,a = q̃1|a ∧ q̃0|a, R0=R1=0.

9 Observe R = 3430 log(12|A|/δ)
q̃m,aε2

features X with A=a and set RMa(X) ← RMa(X) + 1 for

each X. Set q̂y|a =
Ry

R
.

10 ∆̂ = maxy∈{0,1},a,a′∈A

∣∣∣ p̂y|aq̂y|a
− p̂y|a′

q̂y|a′

∣∣∣ .

11 if ∆̂ > γ + ε
2
then

12 return UNFAIR.

13 else
14 return FAIR.

case.

Exp-Audit first splits the past database of positively classified individuals into subsets Dy,a,

a ∈ A, y ∈ {0, 1}, so that Dy,a only contains individuals with A = a and Y = y. Note that

samples in Dy,a are iid samples of X ∼ Eθ∗y,a truncated by f , i.e., Dy,a contains only those

samples from Eθ∗y,a for whom f = 1. On every subset Dy,a, Exp-Audit applies the subroutine

TruncEst(Dy,a, f,
ε
2β
, δ
14|A| , c,Θ) (adaptation of [54] and polynomial time, see Appendix 4.7.2).

From Dy,a this subroutine learns an estimate θ̂y,a of θ∗y,a such that ∥θ̂y,a − θ∗y,a∥ ≤ ε
2β

with

probability at least 1 − δ
14|A| if |Dy,a| ≥ Ω̃( d

ε2
). Note that the condition |Dy,a| ≥ Ω̃( d

ε2
) can be

assumed true without loss of generality because of Assumption 3(i) which states P[f = 1 | Y =

y, A = a] > 0, ensuring that the condition is satisfied in finite time. Crucially, there is no cost

for waiting for samples which being iid are unaffected by delay.

After obtaining θ̂y,a, the algorithm uses the rejection-sampling based approach (line 5)

similar to RS-Audit to obtain p̂y|a ∈ (1 ± ε
12
)py|a and q̃y|a ∈ (1 ± ε′)qy|a, where ε′ = 1

10
is a

constant. Note that the cost incurred in estimating q̃y,a is therefore Õ(1). This is a crucial

difference of Exp-Audit with RS-Audit which estimates qy|a upto a multiplicative 1 ± ε error

incurring Õ( 1
ε2
) cost.
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Then, for every a ∈ A, Exp-Audit constructs a maximum a posteriori (MAP) oracle for the

mixture model Ma : X→ {0, 1}, Ma(X) = argmaxy∈{0,1} q̃y|aEθ̂y,a
(X). In other words, for A = a

and feature X, the MAP oracle returns which is the most likely true label Y . Next, for every

a ∈ A, with q̃m,a = q̃0|a ∧ q̃1|a, the algorithm observes only the features X for R = Õ( 1
q̃m,aε2

)

individuals from group A = a and uses the MAP oracle Ma to assign a proxy label to each

X. With Ry as the number of individuals with proxy label y, Exp-Audit computes q̂y|a = Ry

R
.

Under the separation condition (4.1), we have q̂y|a ∈ (1± ε
12
)qy|a (see Section 4.7.1). Using p̂y|a

and q̂y|a, Exp-Audit sets ∆̂ = maxy∈{0,1},a,a′∈A

∣∣∣ p̂y|aq̂y|a
− p̂y|a′

q̂y|a′

∣∣∣ and returns UNFAIR if ∆̂ > γ + ε
2
,

else FAIR.

Remark 8 The cost incurred by Exp-Audit is significantly lower than that of RS-Audit (see

Theorems 4.2 and 4.4) because the term involved with clab, the cost of requesting a negative label

(Y = 0), is a problem-dependent constant and independent of ε for Exp-Audit. Note that in

most applications, clab ≫ cfeat. This motivates the study of scenarios where the audit cost is

lower than the black-box case, as an interesting future direction.

Remark 9 The design of Exp-Audit has two novel aspects. The first is to view the past

database under partial feedback as a collection of truncated samples which allows us to learn the

distribution parameters using techniques for learning from truncated samples [54, 26] using past

data. The second is to construct approximate MAP oracles as a proxy for true labels under a

suitable separation condition. For this, we generalize the result of [61] from spherical Gaussians

to general exponential family (may be of independent interest), leading to improvement in the

audit cost.

Remark 10 In Exp-Audit, besides solving the audit problem, we also recover the parameters

qy|a and θ∗y,a within ε error which can be used to obtain a classifier with error rate at most O(ε)

more than that of the Bayes optimal classifier. Moreover, fairness-accuracy tradeoff can be stud-

ied by expressing the Bayes error and unfairness metrics using learnt distribution parameters

with high accuracy [23, 27, 100].

Remark 11 (Separation Condition) The separation condition (4.1) assumed to obtain The-

orem 4.4 is significantly milder than what is required to obtain good clustering of a mixture of

exponential family. We require that the separation is Ω(
√
log(1/ε)) whereas that required for

good clustering is Ω(1
ε
) (see [61] Table 1). Moreover, this separation is the minimum required

for the Bayes optimal classifier to have low (O(ε)) error rate (see [61], Remark 8). We also

highlight that the condition (4.1) can be tested after the parameters θ̂y,a and q̃y|a are learnt (lines
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2-7 in Algorithm 9), and if the condition is violated, the auditor can switch to Algorithm 8. In

our experiments on the Adult Income dataset, we do not enforce this condition but we observe

that Algorithm 9 has significantly lower cost while being able to perform the fairness audit

successfully.

4.4.1 Proof of Theorem 4.4

In this section, we provide the proof of Theorem 4.4 which provides the bound on the audit

cost of Exp-Audit (Algorithm 9). We first restate the theorem and then present its proof.

Theorem 4.4 Given γ ≥ 0, ε, δ ∈ (0, 1), under the mixture model and assumptions 3 and 4,

Exp-Audit (Algorithm 9) succeeds in (γ, ε, δ)-fairness audit with cost ≤ Õ

(∑
a∈A

(
cfeatP[f=0|A=a]

qm,aε2
+

∑
y∈{0,1}

clabP[f=0,Y=0|A=a]
qy|a

))
.

Proof: Firstly, for θ̂y,a = TruncEst(Dy,a, f,
ε
2β
, δ
14|A|), we have ∥θ̂y,a−θ

∗
y,a∥ ≤ ε

2β
with probabil-

ity at least 1− δ
14|A| due to the guarantees of the TruncEst subroutine as stated in Theorem 4.5

and Remark 13. Therefore, the event ξ1 = {∀ y ∈ {0, 1}, a ∈ A, ∥θ̂y,a − θ∗y,a∥ ≤ ε
2β
} happens

with probability at least 1− 2δ
14

via Union Bound.

Next, we have by arguments essentially similar to proof of Theorem 4.2, the following event

ξ2 holds with probability at least 1 − 8δ
14
: for all y ∈ {0, 1} and a ∈ A, (1 − ε

12
)py|a ≤ p̂y|a ≤

(1 + ε
12
)py|a and (1− ε′)qy|a ≤ q̃y|a ≤ (1 + ε′)qy|a.

Therefore, ξ1 ∩ ξ2 happens with probability at least 1 − 10δ
14
. Hereon, we will assume that

ξ1 ∩ ξ2 holds.

Let us now analyze the MAP oracle for a fixed group label A = a. Under event ξ1 ∩ ξ2,

we have ∥θ̂1,a − θ̂0,a∥ ≥ ∥θ∗1,a − θ∗0,a∥ − 2 · ε
2β

by triangle inequality. Therefore, by separation

condition (4.1), we have,

∥θ̂1,a − θ̂0,a∥ ≥

√
3(16(L ∨ β)β + λ)

4κβ2
log

(
10qM,a

qm,aε

)
− ε

β
≥

√
3(16(L ∨ β)β + λ)

8κβ2
log

(
10qM,a

qm,aε

)
,

where we have used the fact that L, β ≥ 1 and κ ≤ 1 and then applied Lemma 4.7 (1). Hence

under ξ1 ∩ ξ2, we have the following for all a ∈ A:

1. ∥θ̂y,a − θ∗y,a∥ ≤ ε
2β

for y ∈ {0, 1},

2. ∥θ̂1,a − θ̂0,a∥ ≥
√

3(16(L∨β)β+λ)
16κβ2 log

(
10qM,a

qm,aε

)
, and
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3. B
(

θ̂0,a+θ̂1,a
2

, 1
2β

)
⊂ Θ by Lemma 4.10.

Hence, we can now apply Lemma 4.6 with θ∗ = θ∗y,a, θ1 = θ̂y,a, θ2 = θ̂1−y,a, γ =
10qM,a

qm,a
≥ e2

and t =
q̃1−y|a
q̃y|a

. Note that all the conditions on W are satisfied by assumption. Suppose

X ∼ Eθ∗y,a . Then, we have the following:

PX

[
q̃y|aEθ̂y,a

(X) < q̃1−y|aEθ̂1−y,a
(X)

]
= PX


√√√√Eθ̂1−y,a

(X)

Eθ̂y,a
(X)

>

√
q̃y|a
q̃1−y|a


≤ PX


√√√√Eθ̂1−y,a

(X)

Eθ̂y,a
(X)

>

√
(1− ε′)qy|a
(1 + ε′)q1−y|a


(Event ξ1 ∩ ξ2 holds, q̃y|a ∈ (1± ε′)qy|a ∀ y ∈ {0, 1}, a ∈ A)

≤

√
(1 + ε′)q1−y|a

(1− ε′)qy|a
·
(

εqm,a

10qM,a

)2

(by Lemma 4.6)

≤ εqm,a

36
. (Plugging ε′ = 1

10
)

Therefore, the approximate MAP oracle Ma(X) = argmaxy∈{0,1} q̃y|aEθ̂y|a
(X) correctly classifies

at least 1− εqm,a

36
fraction of the samples generated from Eθ∗

y|a
for every y ∈ {0, 1}. For a given

y, recall that Ry (line 10 of Algorithm 9) counts the number of samples assigned label y by

the approximate MAP oracle. For X1, X2, . . . , XR drawn iid according to the mixture model

Ma :=
∑

y∈{0,1} qy|aEθ∗y,a , we have

E[Ry] = E

[
R∑
i=1

1{Ma(Xi) = y}

]

=
R∑
i=1

EXi∼Ma [1{Ma(Xi) = y}]

=
R∑
i=1

PX∼Ma [Ma(X) = y] (Xi’s are iid)

= R · PX∼Ma [Ma(X) = y]

= R · (PX∼Ma [Ma(X) = y | Y = y] · P[Y = y] + PX∼Ma [Ma(X) = y | Y = 1− y] · P[Y = 1− y])

= R ·
(
PX∼Eθ∗y,a

[Ma(X) = y] · P[Y = y] + PX∼Eθ∗1−y,a
[Ma(X) = y] · P[Y = 1− y]

)
≥ R · PX∼Eθ∗y,a

[Ma(X) = y] · P[Y = y]
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≥ R · (1− εqm,a

36
)qy|a ≥ R · (1− ε

36
)qy|a

Similarly, we also have,

E[Ry] = R ·
(
PX∼Eθ∗y,a

[Ma(X) = y] · P[Y = y] + PX∼Eθ∗1−y,a
[Ma(X) = y] · P[Y = 1− y]

)
≤ R ·

(
1 · qy|a +

εqm,a

36
· q1−y|a

)
≤ R · (1 + ε

36
)qy|a

Therefore, via an application of the Chernoff Bound (Lemma 4.15),

P
[
(1− εo)(1−

ε

36
)qy|aR ≤ Ry ≤ (1 + εo)(1 +

ε

36
)qy|aR

]
≥ 1− 2 exp

(
−ε2o · E[Ry]

3

)
≥ 1− 2 exp

(
−
ε2o(1− ε

36
)R · qy|a

3

)
(4.5)

In Exp-Audit (Algorithm 9), we have set R = 3430 log(14|A|/δ)
min{q̃1|a,q̃0|a}ε2

. Note that under event ξ1∩ξ2, q̃y|a ≤
1.1qy|a. Therefore, min{q̃1|a, q̃0|a} ≤ 1.1min{q1|a, q0|a} = 1.1qm,a. Hence, R ≥ 3 log(14|A|/δ)

qm,a(1− ε
36

)( ε
18.5)

2 ,

since ε ∈ (0, 1). This implies that in Eq. (4.5), if we substitute εo =
ε

18.5
, we have,

P
[
(1− ε

18.5
)(1− ε

36
)qy|aR ≤ Ry ≤ (1 +

ε

18.5
)(1 +

ε

36
)qy|aR

]
≥ 1− 2δ

14|A|
.

Hence, the estimate q̂y|a obtained in Line 11 of Exp-Audit (Algorithm 9) for all a ∈ A satisfies

with probability at least 1− 4δ
14

(Union Bound): (1− ε
12
)qy|a ≤ q̂y|a ≤ (1+ ε

12
)qy|a for all y ∈ {0, 1},

where we have used 1− ε
12
≤ (1− ε

36
)(1− ε

18.5
) and 1 + ε

12
≥ (1 + ε

36
)(1 + ε

18.5
) for all ε ∈ (0, 1).

Having found an estimate q̂y|a ∈ (1 ± ε
12
)qy|a, the guarantee in terms of the correctness of

the hypothesis test follows similarly as in the proof of Theorem 4.2. Hence, the algorithm is

successful in the (ε, δ)-fairness audit is with probability at least 1− δ.

The audit cost can be calculated by observing that the audit cost is incurred in two steps

of the algorithm—first to obtain q̃y|a and then to observe R features. For estimating q̃y|a,

the auditor pays Õ
(

cfeatP[f=0|A=a]+clabP[f=0,Y=0|A=a]

qy|aε′2

)
(similar to proof of Theorem 4.2). Since

ε′ = 1
10

is a constant, the cost of estimating q̃y|a is Õ
(

cfeatP[f=0|A=a]+clabP[f=0,Y=0|A=a]

qy|a

)
. Adding

this cost for both y = 0 and y = 1 gives that the audit cost of this stage of the algorithm for a

particular group A = a is Õ
(∑

y∈{0,1}
cfeatP[f=0|A=a]+clabP[f=0,Y=0|A=a]

qy|a

)
.

For observing R features, the auditor incurs an audit cost of R · cfeat · P[f = 0 | A = a].
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Plugging R = Õ
(

1
qm,aε2

)
, we have that the audit cost for this phase is Õ

(
cfeatP[f=0|A=a]

qm,aε2

)
.

Summing the two costs up for all group labels a ∈ A we have the desired result. 2

4.5 Experiments & Results

In the interest of space, all details and an exhaustive set of experiments are presented in

Appendix 4.10, with some key results here. The code is provided in the supplementary.

Blackbox Model: We compare the Baseline (Algorithm 7) and RS-Audit on the Adult

Income [13] and Law School Admission [96] datasets (details in Appendix 4.10). For a given

dataset, we first train a classifier on a subset. Thereafter, we run our algorithms with this

classifier. We simulate past database using a portion of the dataset that is classified positively

by the trained classifier, and online samples by drawing random data points from the dataset.

We repeat the experiments across 5 seeds and plot the average and standard deviation. The

details of the experimental setup are presented in Appendix 4.10. In our experiments, we set

γ = 0 and vary the stopping threshold τ over a range and study the behavior of the two

algorithms. For every τ , we obtain the mean number of samples, the mean predicted equalized

odds difference (EOD), and the mean cost. In Fig. 4.1, we show the results for a logistic

regression classifier trained on all the features on the Adult Dataset. The first plot shows the

predicted EOD vs the average number of samples collected by the two algorithms. We observe

that RS-Audit (black line) is able to estimate the true EOD (horizontal solid line) with much

fewer samples than Baseline (red line). The second plot shows that RS-Audit’s cost (black line)

is significantly smaller than Baseline (red line) at various values of τ .

Mixture Model: In the mixture model, we perform experiments on synthetic and Adult

Income datasets. For the synthetic experiments, we choose spherical Gaussians as our exponen-

tial family and ensure the separation condition (4.1) during construction. For the Adult Income

dataset, we first train a neural network to predict the labels, and then use the embedding from

the penultimate layer of the network. We do not enforce any structure or separation on the

embeddings, instead we instantiate Exp-Audit with the exponential family being multivariate

Gaussian. Note that the true data may not actually follow this distribution. Moreover, the past

data and online samples are simulated similarly as in the experiments for the blackbox model.

We experiment with various values of γ and ε (with δ = 0.01) and repeat the experiments over

5 seeds. In Fig. 4.1, we show the comparison between RS-Audit and Exp-Audit (Algorithm 9).

We observe that on both Adult dataset (second column) and the synthetic dataset (third col-

umn), while the estimated EOD of RS-Audit is slightly more closer to the true EOD than

Exp-Audit, the cost of Exp-Audit is significantly smaller than that of RS-Audit (here we show

for cfeat = 0 and clab = 1, while other values are shown in Appendix 4.10). Moreover, the trend
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Figure 4.1: Leftmost Column: Results for the Baseline (Algorithm 7) and the RS-Audit

(Algorithm 8) on the Adult Income dataset. Middle and Right Columns: Comparison of
RS-Audit and Exp-Audit (Algorithm 9) on the Adult Income (middle column) and synthetic
(right column) dataset.

emerges that the cost of Exp-Audit is independent of ε while the cost of RS-Audit increases

with ε (note that we had to cap τ for RS-Audit to a maximum of 1000 for timely execution of

the code, hence flattening of the curve).

Remark 12 (Empirical Choices) Our algorithms and their guarantees are agnostic to the

choice of classifier. Further, the blackbox setting is agnostic to the data distribution. Therefore,

we choose logistic regression as our classifier which is also preferred in fairness applications due

to its explainability over complicated models, and we experiment with popular fairness datasets

to validate our theoretical results empirically. Note that in the mixture model experiment with

Adult dataset, we do not enforce any of the structural or separation assumptions required to

prove Theorem 4.4. Yet, we observe that Exp-Audit performs better than RS-Audit in terms

of the audit cost while giving good EOD estimates, further indicating its robustness.

4.6 Proof of Theorem 4.1 and Other Auxiliary Lemmas

Recall that the quantities of interest are py,a := P[f = 1, Y = y, A = a], qy,a := P[Y = y, A = a],

py|a := P[f = 1, Y = y | A = a], and qy|a := P[Y = y | A = a] for all y ∈ {0, 1} and a ∈ A. Note

that py,a = py|a · P[A = a], therefore py,a ≤ py|a, and similarly, qy,a ≤ qy|a.
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4.6.1 Proof of Theorem 4.1

First we restate Theorem 4.1 and then present its proof. Recall that h : X × A × {0, 1} →
{0, 1} denotes the policy of the auditor whether to observe the true label of an individual and

g : A → {0, 1} denotes the policy whether to observe the feature of the individual. Note that

setting h = 1 reveals the features of the individual anyway so when h = 1, one can set g = 0.

Theorem 4.1 Given γ ≥ 0, ε, δ ∈ (0, 1), under the blackbox model, the audit policy that

requests true labels of every individual with f = 0 (Algorithm 7) succeeds in the (γ, ε, δ)-fairness

audit with cost ≤ Õ
(∑

a∈A
∑

y∈{0,1}
cfeatP[f=0]+clabP[f=0,Y=0]

qy,aε2

)
. Moreover, the number of true

labels requested by this policy is at most Õ(
∑

a∈A
∑

y∈{0,1}
P[f=0]
qy,aε2

).

Proof: Fix an y ∈ {0, 1} and an a ∈ A. The algorithm keeps observing (A, Y ) till τ =
576 log(8|A|/δ)

ε2
samples of Y = y and A = a are observed. Let this number of samples collected

be Ny,a. We define the event Ey,a := {Ny,a ∈ (1 ± ε
12
)576 log(8|A|/δ)

ε2qy,a
}. From Lemma 4.13, with

τ = 576 log(8|A|/δ)
ε2

, we have P[Ec
y,a] ≤ δ

4|A| . Applying a Union Bound over all y ∈ {0, 1} and a ∈ A,

we have for the event E := ∩(y,a)∈{0,1}×AEy,a,

P[E] = P[∩(a,y)∈A×{0,1}Ey,a] = 1− P[∪(a,y)∈A×{0,1}E
c
y,a] (De Morgan’s law)

≥ 1−
∑

(a,y)∈A×{0,1}

P[Ec
y,a] (Union Bound)

≥ 1−
∑

(a,y)∈A×{0,1}

δ

4|A|
= 1− δ

2
.

Similarly, we also define the event Fy,a := {N ′
y,a ∈ (1 ± ε

12
)576 log(8|A|/δ)

ε2py,a
}, where N ′

y,a is the

number of individuals iterated over by the algorithm in the past database while trying to

collect τ individuals with f = 1, Y = y and A = a. By essentially similar arguments as above

(application of Lemma 4.13), we can show that the event F := ∩(y,a)∈{0,1}×AFy,a happens with

probability at least 1− δ
2
. Therefore, via Union Bound, P[E ∩ F] ≥ 1− δ.

Under event E, we have that the total number of samples collected by the algorithm:

N :=
∑

(a,y)∈A×{0,1}

Ny,a ≤
∑

(a,y)∈A×{0,1}

(
1 +

ε

12

) 576 log(8|A|/δ)
ε2qy,a

≤
∑

(a,y)∈A×{0,1}

13

12
· 576 log(8|A|/δ)

ε2qy,a
(ε < 1)

=
∑
a∈A

∑
y∈{0,1}

624 log(8|A|/δ)
ε2qy,a
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Finally, the expected number of individuals for whom h = 1 is N · P[h = 1] = N · P[f = 0].

This is the actual number of individuals for whom the algorithm requests true labels. Hence,

the number of true labels requested by this algorithm is at most

N · P[f = 0] ≤
∑
a∈A

∑
y∈{0,1}

624P[f = 0] log(8|A|/δ)
ε2qy,a

.

Further, the audit cost of observing the true labels of N individuals is N · (cfeatP[f = 0] +

clabP[f = 0, Y = 0]). Hence, the audit cost of the algorithm is bounded by

cost ≤
∑
a∈A

∑
y∈{0,1}

624(cfeatP[f = 0] + clabP[f = 0, Y = 0]) log(8|A|/δ)
ε2qy,a

.

Finally, it remains to show that the algorithm also successfully performs the hypothesis test.

Under the event E∩F, we have q̂y,a = τ
Ny,a

= 576 log(8|A|/δ)
ε2Ny,a

. Hence, qy,a
1+ ε

12
≤ q̂y,a ≤ qy,a

1− ε
12
. Similarly,

py,a
1+ ε

12
≤ p̂y,a ≤ py,a

1− ε
12
. Hence,

(1− ε
12
)py,a

(1 + ε
12
)qy,a

≤ p̂y,a
q̂y,a
≤

(1 + ε
12
)py,a

(1− ε
12
)qy,a

. (4.6)

Using Lemma 4.3 and the fact that 0 ≤ py,a
qy,a
≤ 1, we finally have,

py,a
qy,a
− ε

6
≤ p̂y,a

q̂y,a
≤ py,a

qy,a
+

ε

3
.

Since the above holds for all (y, a) ∈ {0, 1}×A under E∩F, we therefore have, for a particular

y ∈ {0, 1} and a, a′ ∈ A,

py,a
qy,a
− py,a′

qy,a′
− ε

2
≤ p̂y,a

q̂y,a
− p̂y,a′

q̂y,a′
≤ py,a

qy,a
− py,a′

qy,a′
+

ε

2
.

From this, we can conclude that∣∣∣∣∣∣∣∣ p̂y,aq̂y,a
− p̂y,a′

q̂y,a′

∣∣∣∣− ∣∣∣∣py,aqy,a
− py,a′

qy,a′

∣∣∣∣∣∣∣∣ ≤ ε

2
. (4.7)

Suppose the true hypothesis is UNFAIR. Let y∗ ∈ {0, 1} and a1, a2 ∈ A, a1 ̸= a2 be such that

|P[f = 1 | Y = y∗, A = a1] − P[f = 1 | Y = y∗, A = a2]| =
∣∣∣py∗,a1qy∗,a1

− py∗,a2
qy∗,a2

∣∣∣ > γ + ε. Then, we
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have,

∆̂ ≥
∣∣∣∣ p̂y∗,a1q̂y∗,a1

− p̂y∗,a2
q̂y∗,a2

∣∣∣∣ (Definition of ∆̂ (Step 9 of Algorithm 7))

≥
∣∣∣∣py∗,a1qy∗,a1

− py∗,a1
qy∗,a2

∣∣∣∣− ε

2
(Equation (4.7))

> γ + ε− ε

2
(
∣∣∣py∗,a1qy∗,a1

− py∗,a2
qy∗,a2

∣∣∣ > γ + ε)

= γ +
ε

2
.

The algorithm therefore outputs UNFAIR (Step 10). Hence, under the hypothesis UNFAIR, the

algorithm’s output is correct.

Next, suppose the true hypothesis is FAIR. Then, we have for all y ∈ {0, 1} and a, a′ ∈ A,

|P[f = 1 | Y = y, A = a]− P[f = 1 | Y = y, A = a′]| =
∣∣∣∣py,aqy,a

− py,a′

qy,a′

∣∣∣∣ ≤ γ .

Hence, by Equation (4.7), we can conclude that for all y ∈ {0, 1} and a, a′ ∈ A,∣∣∣∣ p̂y,aq̂y,a
− p̂y,a′

q̂y,a′

∣∣∣∣ ≤ ∣∣∣∣py,aqy,a
− py,a′

qy,a′

∣∣∣∣+ ε

2

≤ γ +
ε

2
. (

∣∣∣py,aqy,a
− py,a′

qy,a′

∣∣∣ ≤ γ)

In particular, we have ∆̂ = maxy∈{0,1}maxa,a′∈A

∣∣∣ p̂y,aq̂y,a
− p̂y,a′

q̂y,a′

∣∣∣ ≤ γ + ε
2
. Hence, the algorithm

outputs FAIR implying that the algorithm’s output is correct.

Since the output of the algorithm is correct under both the hypotheses, one can conclude

the output of the algorithm is always correct. Note that we assumed event E∩F to hold, under

which the correctness of our algorithm was derived. Therefore, our algorithm is correct with

probability at least 1− δ. This finishes the proof.

2

4.6.2 Auxiliary Lemmas

Lemma 4.3 Suppose ε ∈ (0, 1
2
). Then we have, (i) 1−ε

1+ε
≥ 1− 2ε and (ii) 1+ε

1−ε
≤ 1 + 4ε .

Proof: For (i), we have

1− ε

1 + ε
≥ 1− 2ε

⇐⇒ 1− ε ≥ (1− 2ε)(1 + ε)
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⇐⇒ (1− 2ε)(1 + ε) = 1 + ε− 2ε− 2ε2

⇐⇒ 1 + ε− 2ε− 2ε2 = 1− ε− 2ε2

⇐⇒ 1− ε ≥ 1− ε− 2ε2

⇐⇒ 0 ≥ −2ε2 .

This is always true for ε ∈ (0, 1
2
), so the inequality holds.

Similarly, for (ii) we have

1 + ε

1− ε
≤ 1 + 4ε

⇐⇒ 1 + ε ≤ (1 + 4ε)(1− ε)

⇐⇒ 1 + ε ≤ 1 + 3ε− 4ε2

⇐⇒ 2ε(1− 2ε) ≥ 0 .

This is clearly true for ε ∈ (0, 1
2
), so the inequality holds. 2

Lemma 4.4 (Bretagnolle-Huber Inequality (Theorem 14.2 [53])) Let P and Q be two

probability measures on some probability space (Ω,F). Let A be a measurable event in this

probability space. Then,

P (A) +Q(Ac) ≥ 1

2
exp(−DKL(P ∥ Q)) .

Lemma 4.5 Let q ∈ (0, 1
3
) and ε ∈ (0, 1

8
). Then, we have

DKL(Ber(q) ∥ Ber(q(1 + 8ε))) ≤ 64qε2 and DKL(Ber(q(1 + 4ε)) ∥ Ber(q)) ≤ 128qε2 .

Proof: First note that 8qε
1−q
≤ 1

2
.

DKL(Ber(q) ∥ Ber(q(1 + 8ε))) = q log

(
q

q(1 + 8ε)

)
+ (1− q) log

(
1− q

1− q(1 + 8ε)

)
= −q log(1 + 8ε)− (1− q) log

(
1− 8qε

1− q

)
≤ −q

(
8ε− (8ε)2

2

)
− (1− q)

(
− 8qε

1− q
− (8qε)2

(1− q)2

)
(log(1 + x) ≥ x− x2

2
and log(1− x) ≥ −x− x2 for x ∈ (0, 1

2
))

=
q(8ε)2

2

(
2q

1− q
+ 1

)
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≤ 64qε2

2
(1 + 1) (q ∈ (0, 1/3), hence q

1−q
≤ 1

2
)

≤ 64qε2

For the other inequality, we have,

DKL(Ber(q(1 + 8ε)) ∥ Ber(q)) = q(1 + 8ε) log

(
q(1 + 8ε)

q

)
+ (1− q(1 + 8ε)) log

(
1− q(1 + 8ε)

1− q

)
= q(1 + 8ε) log(1 + 8ε) + (1− q(1 + 8ε)) log

(
1− 8qε

1− q

)
≤ q(1 + 8ε)(8ε) + (1− q(1 + 8ε))

(
− 8qε

1− q

)
(log(1 + x) ≤ x for x ∈ (−1, 1))

= 8qε+ 64qε2 − 8qε+
64q2ε2

1− q

= 64qε2
(
1 +

q

1− q

)
≤ 128qε2 (q ∈ (0, 1

2
))

2

4.7 Missing Proofs from Section 4.4

Recall that in the mixture model, given A = a, the true label is sampled as Y ∼ Ber(q1|a) and

then the feature X is sampled as X ∼ Eθ∗y,a , where Eθ∗y,a(X) = h(X) exp(θ∗y,aT (X) −W (θ)).

We denote by B(a, b) the d-dimensional ball of radius b around a point a ∈ Rd. In the mixture

model setting, we make the following assumptions: (i) P[f = 1 | Y = y, A = a] ≥ α > 0 for

some known constant α, (ii) Eθ(X) is log-concave in X, κI ⪯ ∇2W (θ) ⪯ λI with 0 < κ < λ

and W is L-Lipschitz for all θ ∈ Θ, T (X) has components polynomial in X, B(θ∗y,a,
1
β
) ⊂ Θ for

some β > 0 for all y ∈ {0, 1} and a ∈ A. Without loss of generality, let κ ≤ 1 and L, β ≥ 1.

4.7.1 Approximate Maximum-a-posteriori Oracle for Exponential

Family

Lemma 4.6 Let Θ ⊂ Rd be a convex set containing parameters θ1, θ2 and θ∗. Let ε ∈ (0, 1)

and L, β ≥ 1 and κ ≤ 1. Further, assume that (i) κI ⪯ ∇2W (θ) ⪯ λI, (ii) W (θ) is L-Lipschitz

for all θ ∈ Θ, (iii) ∥θ1− θ2∥ ≥
√

3(16(L∨β)β+λ)
16κβ2 log

(
γ
ε

)
for some γ ≥ e2, (iv) ∥θ1− θ∗∥ ≤ ε

2β
, and

(v) B
(

θ1+θ2
2

, 1
2β

)
⊂ Θ. Then we have PX∼Eθ∗ [Eθ1(X) > t · Eθ2(X)] ≥ 1−

√
t
(

ε
γ

)2
.
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Proof: We have the following:

PX∼Eθ∗ [Eθ1(X) < t · Eθ2(X)]

= PX∼Eθ∗

[√
Eθ2(X)

Eθ1(X)
>

√
1

t

]

≤
√
t · EX∼Eθ∗

[√
Eθ2(X)

Eθ1(X)

]
(Markov’s Inequality)

=
√
t

∫
x∈X

h(x) exp(θ∗⊺T (x)−W (θ∗)) ·

√
h(x) exp(θ⊺2T (x)−W (θ2))

h(x) exp(θ⊺1T (x)−W (θ1))
· dx

=
√
t

∫
x∈X

h(x) exp(θ∗⊺T (x)−W (θ∗)) · exp
(
1

2
((θ2 − θ1)

⊺T (x)−W (θ2) +W (θ1))

)
· dx

=
√
t

∫
x∈X

h(x) exp

((
θ1 + θ2

2

)⊺

T (x) + (θ∗ − θ1)
⊺ T (x)− W (θ1) +W (θ2)

2
+W (θ1)−W (θ∗)

)
· dx

We now explain the strategy to bound the above quantity. Firstly, we will use the Lipschitzness

of W to bound W (θ1) −W (θ∗) by leveraging the fact that θ1 and θ∗ are close by assumption

of the lemma. Next, the goal is to bound the remaining expressions so that we obtain a valid

probability density function from the exponential family, possibly with a different parameter

than what we started with. At this point, one may be tempted to use the convexity of W

to lower bound W (θ1)+W (θ2)
2

≥ W
(
θ1+θ2

2

)
. Although this give us the probability density whose

parameter is θ1+θ2
2

, the bound is not tight and does not allow us to obtain meaningful results.

Therefore, we resort to bounding W (θ1)+W (θ2)
2

via Taylor’s theorem. The steps are illustrated

below.

PX [Eθ1(X) < t · Eθ2(X)]

≤
√
te

Lε
2β

∫
x∈X

h(x) exp

((
θ1 + θ2

2

)⊺

T (x)− W (θ1) +W (θ2)

2

)
· exp ((θ∗ − θ1)

⊺T (x)) · dx

(∥θ∗ − θ1∥ ≤ ε
2β
, W is L-Lipschitz)

=
√
te

Lε
2β

∫
x∈X

h(x) exp

((
θ1 + θ2

2

)⊺

T (x)−W

(
θ1 + θ2

2

)
− 1

8
∥θ1 − θ2∥2(∇2W (θ)+∇2W (θ̃))

)
· exp ((θ∗ − θ1)

⊺T (x)) · dx
(Lemma 4.8, θ ∈ [θ1,

θ1+θ2
2

], θ̃ ∈ [θ2,
θ1+θ2

2
])

=
√
t exp

(
Lε

2β
− 1

8
∥θ1 − θ2∥2(∇2W (θ)+∇2W (θ̃))

)
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·
∫
x∈X

h(x) exp

((
θ1 + θ2

2

)⊺

T (x)−W

(
θ1 + θ2

2

))
· exp ((θ∗ − θ1)

⊺T (x)) · dx

After this, we will use ∇2W (θ) ⪰ κI for all θ ∈ Θ to lower bound the quadratic term. On

the other hand, the quantity in the integral is actually an expectation with respect to the

distribution whose parameter is θ1+θ2
2

. To bound the exp ((θ∗ − θ1)
⊺T (x)) in expectation, we

will use the sub-exponential property of the exponential family distribution combined with the

fact that for the exponential family we have EX∼Eθ
[T (X)] = ∇W (θ).

PX [Eθ1(X) < t · Eθ2(X)]

≤
√
t exp

(
Lε

2β
− 1

8
∥θ1 − θ2∥2(∇2W (θ)+∇2W (θ̃))

+ (θ∗ − θ1)
⊺µ

)
· EX∼E θ1+θ2

2

[exp ((θ∗ − θ1)
⊺(T (X)− µ)]

(µ := EX∼E θ1+θ2
2

[T (X)])

≤
√
t · exp

(
Lε

2β
− 1

8
∥θ1 − θ2∥22κI + (θ∗ − θ1)

⊺µ

)
· EX∼E θ1+θ2

2

[exp ((θ∗ − θ1)
⊺(T (X)− µ)]

(∇2W (θ) ⪰ κI for all θ ∈ Θ)

≤
√
t · exp

(
Lε

2β
− κ

4
∥θ1 − θ2∥2 + ∥θ∗ − θ1∥ · ∥µ∥

)
· EX∼E θ1+θ2

2

[exp ((θ∗ − θ1)
⊺(T (X)− µ)]

(Cauchy-Schwarz Inequality)

≤
√
t · exp

(
Lε

β
− κ

4
∥θ1 − θ2∥2

)
· EX∼E θ1+θ2

2

[exp ((θ∗ − θ1)
⊺(T (X)− µ)]

(∥θ∗ − θ1∥ ≤ ε
2β
; ∥µ∥ = ∥∇W

(
θ1+θ2

2

)
∥ ≤ L since W is L-Lipschitz)

≤
√
t · exp

(
Lε

β
− κ

4
∥θ1 − θ2∥2

)
· exp

(
∥θ∗ − θ1∥2λ

2

)
(Lemma 4.9 as by assumption B

(
θ1+θ2

2
, 1
2β

)
⊂ Θ and ∥θ∗ − θ1∥ < 1

2β
)

≤
√
t · exp

(
(L ∨ β)ε

β
+

λε2

8β2
− κ

4
∥θ1 − θ2∥2

)
(∥θ∗ − θ1∥ ≤ ε

2β
and L ≤ (L ∨ β))

Finally, we will use the assumption in the lemma statement that ∥θ1−θ2∥ ≥
√

3(16(L∨β)β+λ)
8κβ2 log

(
γ
ε

)
.

Hence, we obtain

PX [Eθ1(X) < t · Eθ2(X)]

≤
√
t · exp

(
(L ∨ β)ε

β
+

λε2

8β2
− κ

4
· 6(16(L ∨ β)β + λ)

8κβ2
log
(γ
ε

))
(∥θ1 − θ2∥ ≥

√
3(16(L∨β)β+λ)

8κβ2 log
(
γ
ε

)
)
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≤
√
t · exp

(
−16(L ∨ β)β + λ

8β2

(
log
(γ
ε

)
− ε
)
− 16(L ∨ β)β + λ

16β2
log
(γ
ε

))
(ε2 ≤ ε for ε ∈ (0, 1))

≤
√
t · exp

(
−16(L ∨ β)β + λ

16β2
log
(γ
ε

)
− 16(L ∨ β)β + λ

16β2
log
(γ
ε

))
(Lemma 4.7 (2))

=
√
t ·
(
ε

γ

) 16(L∨β)β+λ

8β2

≤
√
t ·
(
ε

γ

)2

2

4.7.2 Parameter Estimation from Truncated Samples

In this section we state the TruncEst subroutine and its associated guarantees. The subroutine

is same as Algorithm 1 of [54] and its guarantee is a restatement of Theorem 3.1 of [54].

Algorithm 10: TruncEst(D, f, ε, δ, c,Θ): Procedure to estimate parameters from
truncated samples

1 Set ε← ε/
√
3. Set n, m and η as defined in Theorem 4.5 (requires c). Initialize Θ̂ = ∅.

2 Using n samples from D, find the vanilla maximum likelihood estimate of the
parameter. Let this estimate be θ0, that is, EX∼Eθ0

[T (X)] = 1
n

∑n
i=1 T (Xi) where

{Xi}ni=1 are the n samples from D.
3 for j = 1, . . . , 10m⌈log(1/δ)⌉ do
4 Zj = (n+ j)-th sample from D .
5 vj−1 = SampleGradient(Zj, θj−1, f).
6 θj = θj−1 − η · vj−1 .

7 Project θj to {θ ∈ Rd : ∥θ − θ0∥ ≤ ε2+2β log(1/α)
κ

} ∩Θ .
8 if j mod m = 0 then

9 Set Θ̂← Θ̂ ∪ {θj} and θj ← θ0.

10 Return θ̂ ∈ Θ̂ such that |{θ ∈ Θ̂ : ∥θ̂ − θ∥≤ 2ε
√
3}| > 1

2
|Θ̂| .

Algorithm 11: SampleGradient(Z, θ, f)

1 while True do
2 Sample Z ′ ∼ Eθ

3 if f(Z ′) = 1 then
4 Return T (Z ′)− T (Z)

Let there be a convex set of parameters Θ such that the data D is generated from an

exponential family distribution Eθ∗ , θ
∗ ∈ Θ. Further, suppose the following holds:
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1. κI ⪯ ∇2W (θ) ⪯ λI for all θ ∈ Θ.

2. There exists a finite β such that B(θ∗, 1
β
) ∈ Θ.1 Moreover, wlog assume β ≥ 1.

3. PX∼Eθ∗ [f(X) = 1] ≥ α for some constant α > 0.

4. The probability density function Eθ∗(X) is log-concave in X.

5. T (X) ∈ Rd has components which are polynomial in X. Further, the maximum degree

of such polynomials is at most k.

Now we define the following quantities: d(α) := ε2+2β log
(
1
α

)
, κf := 1

2

(
α2 exp(−6 λ

κ2
·d(α)2)

4Ck

)2k

·

κ, λf :=
exp(6 λ

κ2
·d(α)2)

α2 ·λ, ρ2 := d(λf+λ)+
(
1 + 2λ

κ

)2 (12βλ
κ2 · d(α)2 − 4β log(α) + ε2

)2
, G(d, λ, κ, α, β) :=

ρ2

κ2
f ε

2 . Here, C is the same constant as described in [54]. We denote by c := (L, β, κ, α).

Theorem 4.5 ([54, Theorem 3.1]) Under the above assumptions, when TruncEst(D, f, ε, δ)

is run with the values of n ≥ 2β log(1/δ)
ε2

, η =
κf ε

2

2ρ2
∧ 1

κf
and m ≥

(
G(d, λ, κ, α, β) ∨ 1

2

)
log
(

d(α)
κε2

)
,

then we have E [∥θ − θ∗∥2] ≤ ε2 for all θ ∈ Θ̂. Therefore, via Markov’s inequality, we also have

for any θ ∈ Θ̂, P [∥θ − θ∗∥2 ≥ 3ε2] ≤ 1
3
.

Remark 13 By repeating the projected gradient steps (lines 3-8) O(log(1/δ)) times with fresh

data every time, the probability of success can be boosted to 1−δ. Suppose Θ̂ = {θm,1, . . . , θm,v},
where v = O(log(1/δ)), be set of candidate solutions. We choose θ̂ = θm,i such that ∥θm,i −
θm,j∥ ≤ 2ε

√
3 for at least v/2 such j’s, j ̸= i (see Section 3.4.5 of [26]). This ensures that with

probability at least 1− δ, ∥θ̂ − θ∗∥ ≤ ε
√
3.

4.7.3 Some Technical Lemmas

Lemma 4.7 Suppose ε ∈ (0, 1]. Then we have the following:

1.
(√

12−
√
6
)√

a log
(
10b
ε

)
≥ ε for all a, b ≥ 1.

2. 1
2
log
(
γ
ε

)
≥ ε for all γ ≥ e2.

Proof: For (1), let c :=
√
12 −

√
6 ≥ 1. Define f(ε) := c

√
a log (10b/ε) − ε. Then we

have f(1) = c
√

a log(10b) − 1 ≥ 0 since log(10) ≥ 2 and a, b, c ≥ 1. Moreover, we have

f ′(ε) = − c
√
a

2ε
√

log(10b/ε)
− 1 < 0. Therefore, f(ε) ≥ f(1) ≥ 0 for all ε ∈ (0, 1].

For (2), we observe that for the LHS, 1
2
log(γ/ε) = 1

2
log(γ) + 1

2
log(1/ε) ≥ 1 + 1

2
log(1/ε)

since γ ≥ e2. However, for the RHS, ε ≤ 1. Hence, the inequality holds. 2

1This assumption is implicit in [54]. The constant in the O(·) depends on β in their work.
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Lemma 4.8 Let W : Θ → R be a convex function defined on a convex set Θ. For θ1, θ2 ∈ Θ,

we have

W (θ1) +W (θ2)

2
= W

(
θ1 + θ2

2

)
+

1

4
∥θ1 − θ2∥2∇2W (θ)+∇2W (θ̃)

,

where θ lies on the line joining θ1 and θ1+θ2
2

, and θ̃ lies on the line joining θ2 and θ1+θ2
2

.

Proof: We have the following due to Taylor’s Theorem,

W (θ1) = W

(
θ1 + θ2

2

)
+∇W

(
θ1 + θ2

2

)⊺(
θ1 −

θ1 + θ2
2

)
+

1

2

∥∥∥∥θ1 − θ1 + θ2
2

∥∥∥∥2
∇2W (θ)

= W

(
θ1 + θ2

2

)
+∇W

(
θ1 + θ2

2

)⊺

(θ1 − θ2) +
1

8
∥θ1 − θ2∥2∇2W (θ)

where θ lies on the line joining θ1 and θ1+θ2
2

. Similarly, we have

W (θ2) = W

(
θ1 + θ2

2

)
+∇W

(
θ1 + θ2

2

)⊺

(θ2 − θ1) +
1

8
∥θ2 − θ1∥2∇2W (θ̃)

for some θ̃ on the line joining θ2 and θ1+θ2
2

. Adding the two equations and dividing by 2 gives

the desired result. 2

Lemma 4.9 ([54, Claim 1]) Let θ∗ lie in a convex set Θ ⊂ Rd and suppose there exists (wlog)

β ≥ 1 such that B(θ∗, 1
β
) ⊂ Θ. Let µ := EX∼Eθ∗ [T (X)] and assume that ∇2W (θ) ⪯ λI for all

θ ∈ Θ. Then for any vector u ∈ Rd with ∥u∥ < 1
β
,

EX∼Eθ∗ [exp(u
⊺(T (X)− µ))] ≤ exp

(
∥u∥2λ

2

)
.

Lemma 4.10 Suppose θ∗1 and θ∗2 lie in a convex set Θ ⊂ Rd such that B(θ∗i ,
1
β
) ⊂ Θ for all

i ∈ {1, 2}. Let θ1, θ2 ∈ Θ be such that ∥θ∗i − θi∥ ≤ ε
2β
, ε ∈ (0, 1), for i ∈ {1, 2}. Then,

B
(

θ1+θ2
2

, 1
2β

)
⊂ Θ.

Proof: Firstly, observe that B
(

θ∗1+θ∗2
2

, 1
β

)
⊂ Θ because for any point

θ∗1+θ∗2
2

+ru ∈ B
(

θ∗1+θ∗2
2

, 1
β

)
,

where r ∈ [0, 1
β
] and u is a unit vector, we have,

θ∗1 + θ∗2
2

+ ru =
1

2
(θ∗1 + ru) +

1

2
(θ∗2 + ru) .
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Note that θ∗i + ru ∈ B(θ∗i ,
1
β
) for i ∈ {1, 2}. Hence we have θ∗i + ru ∈ Θ for i ∈ {1, 2}. Finally

by convexity of Θ, we have 1
2
(θ∗1 + ru) + 1

2
(θ∗2 + ru) ∈ Θ. This implies that B

(
θ∗1+θ∗2

2
, 1
β

)
⊂ Θ.

Now, observe that
∥∥∥( θ∗1+θ∗2

2

)
−
(
θ1+θ2

2

)∥∥∥ ≤ ε
2β

by triangle inequality. Therefore, for any unit

vector u and r ∈ [0, 1
2β
], we have,∥∥∥∥(θ∗1 + θ∗2

2

)
−
(
θ1 + θ2

2
+ ru

)∥∥∥∥ ≤ ∥∥∥∥(θ∗1 + θ∗2
2

)
−
(
θ1 + θ2

2

)∥∥∥∥+ ∥ru∥ ≤ r +
ε

2β
≤ 1 + ε

2β
≤ 1

β
.

Hence, θ1+θ2
2

+ru ∈ B
(

θ∗1+θ∗2
2

, 1
β

)
∀ unit vectors u and r ∈ [0, 1

β
]. In other words, B

(
θ1+θ2

2
, 1
2β

)
⊂

B
(

θ∗1+θ∗2
2

, 1
β

)
⊂ Θ.

2

4.8 Discussion on Exponential Family

Here we discuss some nice properties of the exponential family and also list in Table 4.3 some

examples which satisfy the set of assumptions this work makes.

Proposition 4.1 Let Eθ(X) := h(X) exp (θ⊺T (X)−W (θ)) be an exponential family distribu-

tion. Then we have, (i) ∇W (θ) = EX∼Eθ
[T (X)], and (ii) ∇2W (θ) = CovX∼Eθ

[T (X)], where

Cov[x] = E[(x− E[x])(x− E[x])⊺].

Remark 14 (Lipschitzness of W ) From the above lemma, it is clear that Lipschitzness of

W (θ) for θ ∈ Θ is equivalent to assuming that ∥EX∼Eθ
[T (X)]∥ is bounded for all θ ∈ Θ. This

is a natural assumption that is satisfied for several distributions under mild assumption on Θ.

Moreover, without Lipschitzness it may be difficult to show that if θ and θ′ are close, then

their distributions are close, a property that we expect to hold in a learning problem. Finally,

Table 4.3 enlists some common exponential family distributions and shows what the several

assumptions on the exponential family look like.

4.9 Concentration Lemmas

4.9.1 Concentration of the Negative Binomial Distribution

Lemma 4.11 ([40, Theorem 2.1]) Let N =
∑τ

i=1Ni, where τ ≥ 1, and Ni, i ∈ [τ ] are

independent and identically distributed Geometric random variables with parameter p ∈ (0, 1),

or in other words, Ni
iid∼ Geom(p). Then, for any λ ≥ 1,

P
[
N ≥ λτ

p

]
≤ e−τ(λ−1−log λ)
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Distribution Eθ(X) ∇W (θ) ∇2W (θ) Θ

Exponential exp(θX + log(−θ)),
θ < 0

−1
θ

1
θ2

κ ≤ 1
θ2
≤ λ⇐ Θ = [−1√

κ
, −1√

λ
],

L =
√
λ ∨ 1

Weibull
(known k)

Xk−1 exp(θ ·Xk +
log(k) + log(−θ)),
θ < 0

−1
θ

1
θ2

κ ≤ 1
θ2
≤ λ⇐ Θ = [−1√

κ
, −1√

λ
],

L =
√
λ ∨ 1

Continuous
Bernoulli

exp
(
θX − log

(
eθ−1
θ

))
eθ(θ−1)+1
θ(eθ−1)

(eθ−1)2−θ2eθ

θ2(eθ−1)2
|W ′(θ)| ≤ 1,
|W ′′(θ)| ≤ 1

12 ∀θ ∈ R,
W ′′(θ) ≥ κ⇐ L = 1,
Θ = [−f(κ), f(κ)] for some f

Continuous
Poisson

exp(θX−W (θ))
Γ(X+1) eθ eθ κ ≤ eθ ≤ λ⇐ Θ =

[log(κ), log(λ)], L = λ ∨ 1

Multivariate
Gaussian

exp(− 1
2
(x−µ)⊺Σ−1(x−µ))

(det(2πΣ))1/2
,

θ =

Σ−1µ

Σ−1

,
T (X) =

 X

−1
2XX⊺



 µ

−1
2(Σ + µµ⊺)

 Complicated,
see Lemma
3 in [26]

∥∥[µ,−1
2(Σ + µµ⊺)]⊺

∥∥ ≤ L⇐
µ ∈ B(0, r1(L)) and
Σ ∈ B(0, r2(L)) for some
r(L) > 0 depending on L

Table 4.3: Different Exponential Family Distributions that satisfy the assumption under corre-
sponding Θ as defined.

Lemma 4.12 ([40, Theorem 3.1]) Using notations from Lemma 4.11 and for any λ ≤ 1,

P
[
N ≤ λτ

p

]
≤ e−τ(λ−1−log λ)

Lemma 4.13 Using notations from Lemma 4.11, for any ε ∈ [0, 1],

P
[
(1− ε)

τ

p
≤ N ≤ (1 + ε)

τ

p

]
≥ 1− 2e−

τ
4
ε2

Proof:

P
[
(1− ε)

τ

p
≤ N ≤ (1 + ε)

τ

p

]
= 1− P

[
N ≥ (1 + ε)

τ

p

]
− P

[
N ≤ (1− ε)

τ

p

]

126



≥ 1− eτ(ln(1+ε)−ε) − eτ(ε+ln(1−ε))

(setting λ = 1 + ε in Lemma 4.11 and λ = 1− ε in Lemma 4.12)

≥ 1− 2e−
τ
4
ε2 (via Lemma 4.17)

2

Lemma 4.14 Given some ε, δ ∈ (0, 1), let Algorithm 12 be run on a Ber(p) distribution, with

τ = 4 log(2/δ)
ε2

. Then the following holds with probability at least 1− δ:

(1− ε)
τ

p
≤ N ≤ (1 + ε)

τ

p
. (4.8)

Proof: We start by noting that Algorithm 12 keeps sampling from Ber(p) till τ 1’s are

observed. Therefore, the number of iterations needed by the algorithm is N =
∑τ

i=1 Ni, where

Ni
iid∼ Geom(p), are i.i.d geometric random variables, with parameter p. Essentially, Ni is the

number of samples needed between observing the (i− 1)-th and i-th 1.

Applying Lemma 4.13 finishes the proof. 2

Corollary 4.1 Using notations of Lemma 4.14, the estimate p̂ := τ
N

returned by Algorithm 12

satisfies (1− ε) ≤ p̂
p
≤ (1 + ε) with probability at least 1− δ.

Proof: This follows from straightforward rearrangement of (4.8) and the fact that 1
1−ε
≤ 1+ε

and 1
1+ε
≥ 1− ε for all ε ∈ [0, 1]. 2

Lemma 4.15 (Chernoff Bound) Let X =
∑n

i=1Xi, where Xi ∼ Ber(pi), and all Xi are

independent. Let µ = E[X] =
∑n

i=1 pi. Then, for all 0 < δ < 1,

P [|X − µ| ≥ εµ] ≤ 2 exp

(
−µε2

3

)
.

4.9.2 Supporting Lemmas

Lemma 4.16 For any ε ∈ [0, 1], we have the following inequalities: (1 + ε) ≤ eε−
ε2

4 and (1 −
ε) ≤ e−ε− ε2

4
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Algorithm 12: Sampling from Bernoulli distribution till τ successes

Input: Desired number of successes τ
1 Set m = τ
2 Initialize: N = 0 while m > 0 do
3 Y ∼ Ber(p)
4 N ← N + 1 if Y = 1 then
5 m← m− 1

6 Return: τ/N

Proof: Let f1(ε) = ε− ε2

4
− ln(1 + ε). Taking derivative of f1, we get

f ′
1(ε) = 1−

(
ε

2
+

1

1 + ε

)
= 1−

(
ε2 + ε+ 2

2 + 2ε

)
=

ε− ε2

2 + 2ε
≥ 0 (0 ≤ ε ≤ 1)

Further, f1(0) = 0. Therefore, f1(ε) ≥ 0 ∀ε ∈ [0, 1]. Similarly, one can argue that f2(ε) :=

−ε− ε2

4
− ln(1− ε) ≥ 0 ∀ε ∈ [0, 1]. 2

Lemma 4.17 For any non-negative integer τ and for an ε ∈ [0, 1], eτ(ε+ln(1−ε))+ eτ(ln(1+ε)−ε) ≤
2e−

τ
4
ε2

Proof: Let f(ε) := 2e−
τ
4
ε2 − eτ(ε+ln(1−ε)) − eτ(ln(1+ε)−ε). Simplifying,

f(ε) = 2e−
τ
4
ε2 − eετ (1− ε)τ − e−ετ (1 + ε)τ

≥ 2e−
τ
4
ε2 − eετeτ(−ε− ε2

4
) − e−ετeτ(ε−

ε2

4
) (Using Lemma 4.16)

≥ 0

2

4.10 Further Experiments

All codes for experiments can be found at https://github.com/nirjhar-das/fairness_

audit_partial_feedback.
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Feature Name Feature Type Feature Range Description

age Numerical [17 - 90] Age of an individual

workclass Categorical 7 Employment status

fnlwgt Numerical [13,492 - 1,490,400] Final weight

education Categorical 16 Highest education level

educational-num Numerical 1 - 16 Education level (numeric)

marital-status Categorical 7 Marital status

occupation Categorical 14 Occupation type

relationship Categorical 6 Relationship to others

race Categorical 5 Race

gender Binary {Male, Female} Biological sex

capital-gain Numerical [0 - 99,999] Capital gains

capital-loss Numerical [0 - 4,356] Capital loss

hours-per-week Numerical [1 - 99] Hours worked per week

native-country Categorical 41 Country of origin

income Binary {≤ 50K,> 50K} Income level

Table 4.4: Adult Income Dataset description.

4.10.1 Experiments for the Blackbox Model

Datasets

We use the Adult Income [13] and the Law School [96] datasets to evaluate and compare the

performance of our proposed RS-Audit (Algorithm 8) with the Baseline (Algorithm 7). On

these classification datasets, we use a classifier to act as a decision-maker. The datasets already

contain the true labels.

Adult Income Dataset

• The Adult Income dataset is a popular classification benchmark dataset for evaluating

fairness. The description of features of the dataset is provided in Table 4.4. The true label

Y is a binary variable which determines whether the annual income of a person exceeds

$50000 based on various demographic characteristics. For our setting, we choose the ‘sex’

of the person as the sensitive attribute A, and the remaining covariates as features X.

• The dataset consists of 48842 instances, each described via 15 attributes, of which 6 are

numerical, 7 are categorical and 2 are binary attributes.

Law School Dataset
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Feature Name Feature Type Feature Range Description

decile1b Numerical [1.0 - 10.0] Student’s decile in Year 1

decile3 Numerical [1.0 - 10.0] Student’s decile in Year 3

lsat Numerical [11.0 - 48.0] Student’s LSAT score

ugpa Numerical [1.5 - 4.0] Student’s undergraduate GPA

zfygpa Numerical [-3.35 - 3.48] First-year law school GPA

zgpa Numerical [-6.44 - 4.01] Cumulative law school GPA

fulltime Binary {1, 2} Full-time or part-time status

fam inc Categorical 5 Family income bracket

male Binary {0, 1} Male or female

tier Categorical 6 Tier

racetxt Categorical 6 Race

pass bar Binary {0, 1} Passed bar exam on first try

Table 4.5: Law School Dataset description.

• The Law school dataset (feature description in Table 4.5) contains the law school admis-

sion records across 163 law schools in the United States in the year 1991. The true label

Y is a binary variable which determines whether a candidate would pass the bar exam in

the first attempt or not. We define the sensitive attribute A to be the sex of the student

(male or female). The remaining features act as X.

• The dataset contains information of 20798 students characterized by 12 attributes (3

categorical, 3 binary and 6 numerical attributes).

4.10.1.1 Experimental Setup

We first train a classifier f on a subsample of the dataset obtained by randomly selecting

some samples from the dataset (100 for Adult, 5000 for Law). The classifier is trained

to predict Y . We consider a wide range of classifiers, namely, logistic regression (LR) based

classifiers trained on all the covariates including A (all LR), all covariates except A (wo A LR),

and a fair LR classifier trained via Exponentiated Gradient method [2] (fair). We also consider

a random classifier that assigns outcome based on an independent draw from Ber(1/2) (random)

and a classifier that assigns the outcome equal to A (sense attr). Once trained, these classifiers

are frozen across various runs of the two algorithms of interest.

Next we take an inference of the classifier on the whole dataset and add the classification

as a column to the dataset. To simulate historical data, we use the inference on the whole of

the dataset (since past data is available for free). To simulate online samples, we randomly
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(a) Adult Dataset with all LR classifier. (b) Adult Dataset with wo A LR classifier.

(c) Adult Dataset with fair classifier. (d) Adult Dataset with random classifier.

(e) Adult Dataset with sense attr classifier.

Figure 4.2: Results on the Adult Income dataset with different classifiers

sample a row of the data and feed it to the algorithms. We vary the threshold τ over the

set {5, 10, 50, 100, 200, 500, 1000} and repeat the execution of the two algorithms over 5 seeds

{1092, 42, 13, 729, 333}. At the end of execution of every algorithm, we collect the number of

labels requested by the algorithm and the cost of the algorithm. We set clab = 1, hence cost

corresponds to the number of Y = 0 labels requested by the algorithm. We also collect the

predicted EOD (∆̂) of the algorithm. The true EOD is calculated over the entire dataset.

4.10.1.2 Results

The results of the experiments are shown in Figures 4.2 and 4.3. We show two plots for each

pair of classifier and dataset choice. On the left of each subplot, we show the average cost of the

two algorithms RS-Audit and Baseline with respect to the stopping threshold τ . We also plot

the standard deviation of the cost but it is too small to be significantly visible in the plots. On

the right of each subplot, we show the average ∆̂ (predicted EOD) versus the average number of

requested labels for every τ . The plot also shows the true EOD. From the plots, we observe that
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(a) Law Dataset with all LR classifier. (b) Law Dataset with wo A LR classifier.

(c) Law Dataset with fair classifier. (d) Law Dataset with random classifier.

(e) Law Dataset with sense attr classifier.

Figure 4.3: Results on the Law School dataset with different classifiers
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the cost of RS-Audit is less than of Baseline by about 50% and that RS-Audit converges to the

true EOD value with a much smaller number of samples, thus providing empirical validation

to our theoretical results.

4.10.2 Experiments for the Mixture Model

4.10.2.1 Instance Construction

Synthetic Dataset. For the experiments under the mixture model, we construct a synthetic

instance that follows the modeling assumptions (see Section 4.1 and 4.2). In our experiments,

we fix A = {0, 1}. We set P[A = 1] = 0.7 and P[Y = 1 | A = 1] = 0.4. We choose spherical

Gaussian in Rd, d = 5, as our exponential family, with covariance σ2 = 4 across all subgroups

(y, a) ∈ {0, 1}×A. The means are generated as follows. For a particular a ∈ A, we first choose

µ1,a ∈ Rd with each coordinate of µ1,a from uniform distribution over [−1, 1]. Thereafter, we

sample unit vector u uniformly randomly and set µ0,a := µ1,a + r · u, where r = Ω
(√

log
(
1
ε

))
as specified in the separation condition (4.1).

We set γ = 0 vary ε over the range of values {0.8, 0.5, 0.25, 0.1, 0.05, 0.01, 0.001} and

(cfeat, clab) over the set {(0.5, 0.25), (0.5, 0.5), (0.5, 1), (0.5, 3)}. For every combination of ε and

(cfeat, clab), we repeat the runs of the algorithm 5 times. We compare the algorithms RS-Audit

(Algorithm 8) and Exp-Audit (Algorithm 9). To be able to complete the experiment withing

reasonable time, we capped τ for RS-Audit at 1000 and R in Exp-Audit at 20000. To simulate

past data, we first sample 200000 points as follows: first sample A ∼ Ber(0.7), then sample

Y ∼ Ber(q1|A) and then X ∼ Eθ∗Y,A
. Here, q1|1 = 0.7 and q1|0 = 0.4. Then, we take an inference

of the classifier on these points. The positively classified points were sent to the TruncEst

subroutine (Line 4, Algorithm 9). This past data generation process is also repeated with every

repetition of the algorithm.

Adult Income Dataset. With the Adult Income dataset, we first use 70% of the dataset

to train a 4-layer neural network with hidden layers having dimensions 64, 32 and 10 (64 is

closer to input layer and 10 is closer to output layer) to predict the true labels. We train the

neural net with Adam [48] otpimizer for 1000 epochs. Thereafter, we obtain the embedding of

the entire dataset by removing the last layer of the neural network and inferring on it. The

resulting embedding is 10 dimensional. This way, we map the whole dataset to the embedding

space. Hereon, by the term dataset, we will refer to this embedded dataset rather than the

original one. We sample random rows from the dataset to simulate online data. We first use

1000 random samples to train a logistic regression classifier which serves as our classifier f to

be audited. For simulating past database, we sample 20000 random rows from the dataset and
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(a) cfeat = 0.5, clab =
0.25

(b) cfeat = 0.5, clab =
0.5

(c) cfeat = 0.5, clab = 1 (d) cfeat = 0.5, clab = 3

Figure 4.4: Results on the Mixture Model for different choices of cfeat and clab on synthetic
dataset.

(a) cfeat = 0.5, clab = 0.25 (b) cfeat = 0.5, clab = 1

Figure 4.5: Results on the Mixture Model for different choices of cfeat and clab on Adult Income
Dataset.

collect a subset of those rows that correspond to f = 1. Note that in this experiment, no

structural or separation assumptions are enforced.

We set various choices of (γ, ε), namely, {(0.5, 0.3), (0.4, 0.2), (0, 0.1), (0, 0.05), (0, 0.01)}.
The values of (cfeat, clab) we experiment with are {(0.5, 0.25), (0, 1), (0.5, 1)}. We repeat every

choice of ((γ, ε), (cfeat, clab)) over 5 runs and report the average and standard deviations. We

compare RS-Audit and Exp-Audit. To be able to complete the experiment withing reasonable

time, we capped τ for RS-Audit at 1000 and R in Exp-Audit at 20000.
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4.10.2.2 Results

Synthetic Dataset. In Fig. 4.4, we plot the cost of the two algorithms averaged over the

different runs against ε. In every subplot, the plot shows the average cost of the two algorithms.

We also show the standard deviation of each observation with error bars. We observe that the

cost of Exp-Audit is nearly independent of ε whereas the cost of RS-Audit increases with

decrease in ε. We also measure the fraction of the times the algorithms are able to predict the

correct hypothesis in Table 4.6. From the table, we observe that Exp-Audit is correct at almost

all times whereas RS-Audit has some error in the high ε = 0.8 case. Note that in the case that

ε = 0.25, the assumption of the hypothesis test is not satisfied, i.e., the true EOD is neither

0 nor > ε. Moreover, in other cases, where the algorithms are mostly correct, the true EOD

is either < ε
2
or > ε. This is supported by our theory since we show that both the algorithms

satisfy |∆̂−∆| ≤ ε
2
(see Eq. (4.3)).

Adult Dataset. In Fig. 4.5, we plot the the cost of the two algorithms averaged over the

different runs against ε (note that cost is independent of γ as can be seen from our Theorem

statements). We observe a trend similar to the synthetic dataset for the case of the Adult

dataset. Moreover, the audit correctness of both Exp-Audit and RS-Audit is observed to be

always 1, i.e., both of these algorithms are able to correctly identify the hypothesis. This shows

that our algorithm Exp-Audit is quite robust to the violation of structural and separation

conditions.

Table 4.6: Audit correctness of Exp-Audit and RS-Audit across different values of ε and true
hypotheses on Synthetic dataset. Note γ = 0.

Epsilon (ε) True Hypothesis Exp-Audit Correctness RS-Audit Correctness

0.8 FAIR 1.0± 0.0 0.8± 0.4

0.5 FAIR 1.0± 0.0 1.0± 0.0

0.25 FAIR 0.0± 0.0 0.2± 0.4

0.1 UNFAIR 1.0± 0.0 1.0± 0.0

0.05 UNFAIR 1.0± 0.0 1.0± 0.0

0.01 UNFAIR 1.0± 0.0 1.0± 0.0

0.001 UNFAIR 1.0± 0.0 1.0± 0.0

4.11 Conclusion and Future Work

In this work we initiated the study of fairness audit under the partial feedback model and in-

troduced a novel cost model to capture real-world concerns of exploring additional data. With
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this cost model, we studied blackbox and mixture of exponential family models of data distribu-

tions. Our framework combines historical partial feedback data along with online samples. We

provided a complete characterization of the blackbox setting with matching upper and lower

bounds. In the mixture model setting, we leveraged techniques from learning with truncated

samples and approximate MAP oracles to design an algorithm with significantly lower cost

than the blackbox case. We complement our theoretical findings with empirical results that

demonstrate the cost efficiency of our proposed algorithms. An interesting future work is to

explore the audit cost complexity of unknown classifiers from a known hypothesis class, e.g.,

threshold classifiers. Moreover, one can also study non-uniform cost models.
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